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CHERN APPROXIMATIONS FOR GENERALISED GROUP COHOMOLOGY 

N. P. STRICKLAND 

^Sf} \ Let G be a finite group, and let E* be a generalised cohomology theory, subject to certain technical 

Qs ■ conditions ("admissibility" in the sense of [Q). Our aim in this paper is to define and study a certain ring 

C{E, G) that is in a precise sense the best possible approximation to E^BG that can be built using only 
knowledge of the complex representation theory of G. There is a natural map C{E, G) — > E^BG, whose 
^ \ image is the subring C{E, G) < E^BG generated over £'° by all Chcrn classes of all complex representations. 

There is ample precedent for considering this subring in the parallel case of ordinary cohomology; see for 
\^ [ example |1J, ^, |^. However, although the generators of C{E, G) come from representation theory, the same 

cannot be said for the relations; one purpose of our construction is to remedy this. We also also develop 
a kind of generalised character theory which gives good information about Q ® C{E, G). In the few cases 
Li^ ■ that we have been able to analyse completely, either Q ® C{E, G) ^ Q(E) E^BG for easy character-theoretic 

■ ' reasons, or we have C{E, G) — E^BG. 

Rather than working directly with rings, we will study the formal schemes X{G) = spf{E^BG) and 
^ ; Xch{G) = sp{{G{E,G)); note that the map G{E,G) -> E°BG corresponds to a map X{G) -^ Xch{G). 

C^ ■ See [Q, 1^, 11 for foundational material on formal schemes. Suitably interpreted, our main definition is that 

Xch{G) is the scheme of homomorphisms from the A-semiring R~^{G) of complex representations of G to 
the A-semiring scheme of divisors on the formal group G associated to E. 

We start by fixing some conventions in Section H. We then recall the basic theory of A-semirings (Sec- 
tion 0), set up the parallel theory of A-semiring schemes, and define the A-semiring scheme of divisors 
(Section W. We then recall the definition of Adams operations and study their basic properties (Section H). 
Using this we give a precise definition of Xch{G) and an implicit presentation of C{E,G) by generators 
and relations (Section 0). In Section g, we work out the case of the symmetric group S3 at the prime 3, 
and show that X{T,3) = Arch(S3). In Section ^ we show that X{G) = Xch{G) when G is Abelian, and in 
Section |8| we show that the same is true when E is the p-adic completion of complex iiT-theory and G is a 
p-group. We then use Adams operations to reduce certain questions to the Sylow subgroup of G (Section |9|) 
and to prove that Xch{G) is finite over X = spf(i?°) (Section ^. In Section |ll|, we recall the Hopkins- 
Kuhn-Ravenel generalised character theory, which relates Q E'^BG to the set J7(G) of conjugacy classes of 
J^ ' homomorphisms Z" — > G. We give a parallel (but less precise) relationship between Q Cg) C{E, G) and the 

set 57ch(G) of A-semiring homomorphisms R'^{G) — > N[(Qp/Zp)"]. These descriptions are related by a map 
^1 k: fl{G) — > QchiG). In Section |lj, we compare fl{G) and ilch(G) with two other sets that are sometimes 

easier to understand. We next return to examples: in Section |lj we show that X{T,4) = Xch(S4) at the 
prime 2, and in Section nS we study r2(G) and f2ch(G) when G is an extraspecial group at an odd prime. 
S ■ We then show that a certain approach which appears more precise actually captures no more information 
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(Section 
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Iq). We conclude in Section n^ by proving a result in representation theory that was used in 



1. Notation and conventions 



Fix a prime p. Throughout this paper, E will denote a p-local generalised cohomology theory with an 
associative and unital product. Wc write E'^ for E'^{pomt), so E* is a Z-graded ring and S" is an ungraded 
ring. We assume that E has the following properties: 

1. E'^ is a commutative complete local Noetherian ring, with maximal ideal m say. 

2. E'^ = whenever k is odd. 

3. E-'^ contains a unit (so E'^X ~ E'^-'^X for all X). 
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2 N. P. STRICKLAND 

4. Either p > 2 and E is commutative, or p = 2 and E is quasi-commutative, which means that there is a 
natural derivation Q : E^X — + E^^^X and an element v G i?~^ such that 2v — Q and a6— (— l)l"ll''l5a = 
vQ{a)Q{b) for all a, 6 G £;*X. 

There is one more condition, which needs some background explanation. Note that the quasi-commutativity 
condition means that whenever E^X = 0, the ring E'^X is commutative (in the usual ungraded sense.) In 
particular, E* — i?* (point) is commutative. A collapsing Atiyah-Hirzebruch spectral sequence argument 
shows that 

E*CP°° ~ E*§)H*CP°° = E*mlyj = E*lyl 

where y E E'^CP°°; it follows that E is complex-orientable. We can multiply y by a unit in E^^ to get an 
element x E E°CP°° such that E*CP°° = i?*|a;]. We fix such an element x once and for all (although we 
will state our results in a form independent of this choice as far as possible) . This gives rise in the usual way 
to a formal group law F over E'^ . 

5. In addition to the above properties, we will assume that the reduction of F modulo the maximal ideal 
of E'^ has height n < oo. 

In the language of Q, our conditions say that E is a _Rr(n)-local admissible theory. The only difference 
is that previously we insisted that E should be commutative rather than quasi-commutative; the reader can 
easily check that everything in Q] goes through in the quasi-commutative case. 

We will describe our results in the language of formal schemes. Most of the formal schemes that we consider 
have the form spf(i?), where i? is a complete local Noethcrian E'^-algebra. For these the foundational setting 
discussed in Q is satisfactory: one can regard the category of formal schemes as the opposite of the category 
of complete semilocal Noetherian rings and continuous homomorphisms. We also make some use of formal 
schemes such as spf (J^j.^^ ^'"Ici, C2, ■ ■ • 1); a set of foundations covering these is developed in |g[. The older 
category of formal schemes embeds as a full subcategory of the newer one. 

Definition 1.1. We let X be the formal scheme spf(i?°), and write G for the formal group spf(_E°CP°°) 
over X. Note that our clement x E E'^CP°° can be regarded as a coordinate on G, with the property that 

x{a + b) = F{x{a), x{b)) — x{a) +f x{b). 

Remark 1.2. Many of our constructions work with an arbitary formal group G over a formal scheme X; 
it is not usually necessary to assume that G comes from a cohomology theory, although that is the case of 
most interest for us. 

We will let G denote a finite group. We write e = e(G) for the exponent of G, in other words the least 
common multiple of the orders of the elements. We factor this in the form e — p"e' = p'"^'^^ e' {G) , where 
e' ^ (mod p). We also choose a Sylow p-subgroup P < G. 

2. A-(semi)rings 
We will use the following definition: 

Definition 2.1. A semiring is a set R equipped with the following structure. 

• A commutative and associative addition law with neutral element (written as 0); we do not assume 
that there are additive inverses. 

• A commutative and associative multiplication law with neutral element 1, which distributes over ad- 
dition. 

A A-semiring is a semiring R equipped with Maps X'' : R — > R for A; > satisfying \^{x) — 1 and 
X\x) = X and A'=(x + y) = Y.u=^+, ^HxWiv). 

A A-ring is a A-semiring which has additive inverses. 

The initial A-semiring is N and the initial A-ring is Z; in both cases we have 

X''{n) = il) = n{n - I) . . .{n - k + l)/k\. 
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Definition 2.2. An ^-augmented A-semiring is a A-semiring R equipped with a homomorphism dim: R — > 
N of A-semirings. A Z-augmented A-ring is a A-ring R equipped with a homomorphism dim: R — > Z of 
A-rings. 

Example 2.3. Let R'^{G) be the semiring of isomorphism classes of complex representations of G. It is 
well-known that this is a A-semiring with operations A given by exterior powers. There is an augmentation 
dim: R'^{G) — > N sending each representation to its dimension. 

Example 2.4. Let A be an Abelian group, and let N[A] be the group semiring of A, in other words the 
set of expressions X^a^-aW "^ith n^ e N and Ua — for all but finitely many a. Equivalently, we have 
N[^] = ]Jjj j4"/E„. This has a canonical structure as a A-semiring, with 



A'=([ai] + ... + [a„]) = ^K 



where the sum on the right runs over all lists I — (ii, . . . ,ik) such that 1 < ii < . . . < ik < n. There is an 
augmentation dim: N[A] — > N defined by 

dim([ai] -|- . . . + [a„]) = n. 

If A is finite and A* = Hom(yl, S'^) then N[A] = R+{A*) as A-semirings. 

Example 2.5. For any space X, let Vect^(A) denote the semiring of isomorphism classes of complex 
vector bundles over X. This is a A-semiring with operations as for R'^{G). We will always allow vector 
bundles to have different dimensions over different components of the base, so we do not have a natural 
map dim: Vect^(A) — > Z. We write VectJ(A) for the set of isomorphism classes of bundles all of whose 
fibres have dimension d, and we put Pic(X) = Vecti(Ar) ~ H'^{X). This is an Abelian group, and there 
is an evident map N[Pic(X)] — > Vect~''(X). In the case X = BG, there is a well-known homomorphism 
R'^{G) — > Vect^(i3G) sending a representation V to the bundle V Xq EG. 

Remark 2.6. In the important examples of A- (semi) rings, some extra identities hold that relate the elements 
A*A-'(a;) and X^{xy) to the elements A'^(a;) and A'(y). For many purposes it would be preferable to take these 
identities as part of the definition of a A-(semi)ring. However, it turns out that this would make no difference 
for us and the identities are complicated (particularly in the semiring case) so we omit them. In Section Hq 
we will discuss an approach which is apparently even more precise, and show that it actually gives no more 
information than our approach using A-semirings without extra identities. 

Remark 2.7. Let R^ be a A-semiring, and let R be its Grothendieck completion, or in other words the 
group completion of i?"*" considered as a monoid under addition. It is well-known that this can be made into 
a A-ring in a canonical way, and that any homomorphism from _R+ to a A-ring factors uniquely through R. 
Moreover, if _R+ is augmented over N then R is augmented over Z. 

Example 2.8. The Grothendieck completion of i?+(G) is of course the ring R{G) of virtual representations 
of G, and the completion of N[A] is the group ring Z[A]. We write Vect(X) for the Grothendieck completion 
of Vect^(X). It is well-known that the complex iiT-theory K'^{X) is a Z-augmented A-semiring and that 
there is a natural map Vect(A) — > K'^{X) which is an isomorphism whenever X is compact Hausdorff. 

Remark 2.9. We will occasionally use the notation Z[A]+ = N[A] and Z[A]j = A'^ /T^d C N[A]. 

3. A-(semi)ring schemes 

The theory of A-semirings is an instance of universal algebra: it is defined in terms of operations u : R^ — > 
R with fc = 0, 1 or 2, and identities between operations derived from these. It is thus formal to define the 
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notion of a A-semiring object in any category C with finite products: such a thing is an object R G C equipped 
with maps 

0,f: 1 ->i? 
+, X : i?2 -> i? 

X'': R—> R for aU fc e N 

making the evident diagrams commute. (Here the object 1 G C is the terminal object.) Similar remarks 
apply to A-rings. 

Next, suppose that C has arbitrary coproducts such that the natural map 

is always an isomorphism. We then have a product-preserving functor S t-^ S_ := Uses ^ i^om sets to C, so 
N is a A-semiring object in C. Similarly, 'Lis a, A-ring object in C. 

Example 3.1. Take C — hT, the homotopy category of unbased CW-complexes. We have a functor 
Vect~''(— ) from /iT°p to the category of A-semirings, which is represented by the space Yld^^W- ^^ 
follows by Yoneda's lemma that Yid^^W ^^ ^ A-semiring in hT. Similarly, the functor K^{—) from /iT°p 
to the category of A-rings is represented by the A-ring space Z x BU. Note that in this context the object N 
is just the discrete space N and similarly for Z, so Yid BU{d) is augmented over N and Z x BU is augmented 
over Z. 

Now let X be a formal scheme, and consider the category Xx of category of formal schemes over X in 
the sense of Q. For simplicity we will assume that X is solid, which means that X = spf(C'x) for some 
formal ring Ox- Let A be the category of discrete C^-algebras, and let T be the category of functors from 
A to sets. The category Xx can be regarded as a subcategory of T (compare & Remark 2.1.5]), and the 
inclusion Xx — > T preserves products. 

We will refer to A-(semi)ring objects in Xx as A-(semi)ring schemes (suppressing the words "formal" and 
"over X" for brevity). 

Let G be an ordinary formal group over X, in other words a commutative group object in Xx that is 
isomorphic in Xx to A^^ — spf(0x|a;])- We can then define the schemes 



Div+(G) 


= G^Sd 


Div+(G) 


= []Div+(G) 




d&i 


Divo(G) 


= limDiv+(G) 


Div(G) 


d 

= Z X Divo(G) 


Divd(G) 


= {d} X Divo(G) C Div 



More detailed definitions are given in Ig, Section 5], where it is also explained how these formal schemes 
relate to the theory of divisors on G. In |g, Proposition 6.2.7] it is observed that 

1. Div (G) is the free commutative monoid object in C generated by G. 

2. Div(G) is the free commutative group object in C generated by G. 

3. Divo(G) is the free commutative monoid object generated by G considered as a based object in C, 
which is the same as the free commutative group object generated by G considered as a based object 
in C. 

Moreover, all these universal properties are stable under base change: if X' is a formal scheme over X then 
Div~''(G) y~x X' is the free commutative monoid in Xx' generated by G xx A"' and so on. 
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Recall that Oq — Oxlx] and thus Ogd = Oxlxi, . . . , Xdj- If c^ denotes the coefficient oit'^^'^ in Yl^it—Xi) 
then Oqj^+^p) = Oxlci,... , Cdj and CDiv+(G) = nd>o Cx[ci, ■ • ■ , Cd]. There are also isomorphisms 

CDivo(G) = Ox|ci,C2,. ..] 
0Div(G) = n^^Ici'C2,...]. 

Using these, one sees that DivJ(G) is a closed subscheme of DiV(j((G), and Div^(G) is a closed subscheme 
ofDiv(G). 

If E is an even periodic ring spectrum, X — spec(7roi?) and G = spf(i?°CP°°) then there are natural 
isomorphisms 

spi{E°BU{d))=T)iv+{<G) 

spi{E"BU) =Divo(G) 

spf (£;°(Z X BU)) = Div(G). 

This is just a translation of well-known calculations; details are given in M, Section 8]. 

Proposition 3.2. Let G be an ordinary formal group over a scheme X . Then Div (G) has a natural 
structure as a A-semiring scheme, and Div(G) has a natural structure as a A-ring scheme. Moreover, there 
is a canonical homomorphism dim: Div(G) — » Z of A-ring schemes, which sends Div£;(G) to d. 

Proof. Recall that T is the category of functors from discrete Ox-algebras to sets. Define R'^jR G J-" by 
i?+(A) = N[G(A)] and R{A) = Z[G{A)]. It is clear that i?+ is a A-semiring object in J^, and i? is a A-ring 
object. 

There is an evident inclusion j : G = DiV]'"(G) — > Div^(G). As Div^(G) is a commutative monoid scheme, 
the set Div^(G)(A) is a commutative monoid for all A E A. As R^{A) is the free commutative monoid 
generated by the set G{A), there is a unique homomorphism 0+ : _R+(yl) — > Div"^(G)(A) extending j. These 
maps are natural in A so we get a map (j)~^ : i?"*" — > Div (G) in J-'. If we interpret the colimits in Xx then we 
have Div^(G) — ]J^ G'^/E^i; this translates to the statement that Div^(G) is the initial example of a formal 
scheme in Xx equipped with a map i?+ — > Div (G) in J-'. By similar arguments, we find that Div(G) is the 
initial example of a formal scheme over X with a map (f>: R — > Div(G) in J-. Moreover, one can check that 
the schemes Div^(G)*'' and Div(G)'' enjoy the evident analogous universal properties for all fc > 0. 

It now follows that there is a unique map x : Div^(G) x Div^(G) — > Div^(G) making the following 
diagram commute: 



i?+ X R+ 



<^+X0+ 



Div+(G) xDiv+(G) 



-^ R^ 



Div+(G). 



Similarly, all the other structure maps for the A-semiring structure on i?"*" induce operations on Div (G), 
and one checks easily that this makes Div (G) into a A-semiring scheme. A similar argument works for 
Div(G). It is clear that there is a map dim: Div(G) — > Z as described. D 

The above A-semiring structure can be made more explicit as follows. Let Cd,k G Oxlxi,... ,Xdi be 
defined by 



Let Pd,e,fc(Cda,.. . ,Q,d,Cel'- 



n(*-^o=E 



CdAX 



^d—i 



,Cg g) be defined by 



de 



Y[l[(t-ix,+Fx'^))^Y. 
i=lj = l fc=0 



Pd,e,kt 
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Suppose d, r e N and put N = {f). Let qd,r,kicN,i, ■ ■ ■ ,C7v,Ar) be defined by 

F N 

I j k=0 

where the sum on the left runs over all lists / = (ii, . . . ,ir) such that 1 < ii < . . . < ir < d. Then the 
multiplication map 

x: Div+(G)xDiv+(G)-.Div+(G) 

corresponds to the map 

OxfcdeA, ■ ■ ■ ,Cde.dej ^ Ox[Crf,l,. . . ,Cd,d,c[^, . . . , c'^J 

(of formal Ox-algebras) sending Cde,k to pd,e,k- Similarly, the map corresponding to A*" : DivJ(G) — > 
Div^((G) sends CN,k to qd,r,k- 

4. Adams operations 



We now recall the theory of Adams operations in A-semirings; for a more detailed exposition see M, for 
example. 

Let i? be a A-ring. For any a G R we can form the power series 



A,(a)=^A''Xa)H)'ei?I 



fc>0 

This is equal to 1 mod t and thus is invertible in Rft]. It is easy to check that At(0) = 1 and At (a + b) = 
At (a) At (6). 

We next define 

Ma) - -tX^t{ay^dX^t{a)/dt e i?p], 

and let ip'^{a) be the coefficient of t'' in ijjt(a)- This defines an additive map if}^ : R — > R, called the fc'th 
Adams operation. 

Now consider the case R = Z[A] for some Abelian group A. It is not hard to see that 

i}^C^n.^ai\) ^^n,[a^f ^^n,[kai], 

i i i 

SO f/''^ is just the map induced by the homomorphism k.lA '-A — > A. Thus, if A is actually a Z(p)-module or a 
Zp-module, then there is a natural way to define t/i*^ : 'L[A\ — > Z[A] for all k G Z(p) or fc S Zp as appropriate. 
Moreover, we see that ip^ is a ring homomorphism which preserves the semiring 'L[A\'^ and the subsets 'Z[A]'^ , 
and that ip'^tp^ — i/;*''-' and ip'^X^ = A-'V''^- 

Now consider the A-ring scheme Div(G). As our original definition of tp'^ is natural, we evidently get 
morphisms 

tP'' : Div(G) -^ Div((G) 

of schemes. It is well-known that G is actually a Zp-module scheme, or in terms of our coordinate, that one 
can define the series [A:]f(x) in a sensible way for all k G Zp. This means that each ring Z[G(A)] admits 
Adams operations ■0'^ for all k £ Zp, with properties as above. The argument of Proposition |3.2| shows that 

• We can define operations V''^ on Div(G) for all fc S Zp, extending the definition given previously. 

• These maps are maps of ring schemes, induced by the maps k: G — » G. 

• We have i/'-'V'' = i^^'' for all j, k e Zp, and i/'''A-' = X^ip'^ for all k e Zp and j E N. 

• The map t/j'' preserves Divrf(G), Div+(G) and Div+(G) = G'^/Sd for all d. 

Lemma 4.1. For any discrete Ox -algebra A, the group G{A) is a p-torsion group. 

Proof. Our coordinate x gives an isomorphism x: G{A) -^ A^(^) — Nil(^) (the set of nilpotents in A). As 
p lies in the maximal ideal of E'^ = Ox and A is a discrete Ox-algebra, we see that p^' = E A for some r, 
and thus [p''](a;) is divisible by x^ in Afxj. It follows that [p'''*](a;) is divisible by x^ . For any a E G{A) we 
have x{a)'^ = for large s, so x{p^'^a) = for large s, so p™a = for large m as required. D 
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Lemma 4.2. Let A be a discrete Ox-algebra, and suppose we have a divisor D G Div(G)(^). Then \p^{D) = 
diiii(£')[0] whenever the p-adic valuation Vp{k) is sufficiently large. 

Proof. First suppose that D G Divj^ (G) (A) . We can then choose a faithfully flat map A — > A' such that the 
image of D in DivJ(G)(A') has the form X]j=i['^i]- The map Divj'(G)(A) — ^ Divj"(G)(A') is automatically 
injective, so it suffices to show that for large m we have ip^ iJ^A'^i]) — X^JP™*^*] = '^Mi which is immediate 
from the previous lemma. 

Now suppose that D e I)Wd{'G){A). We can then write D in the form D'-e[0] for some D' e I)iY^j^^{G){A) 
and we reduce easily to the previous case. 

Finally, consider a general divisor D £ Div£j(G)(A), which need not have constant dimension. Instead, we 
have a splitting A = Ai x . . . x A,, giving a bijection Div(G)(A) — Y[i Div(G)(yli) under which D becomes 
an r-tuple (Z?i, . . . ,Dr) with Di G DivJ, (G)(Ai) for some integers di. This means that dim(_D) becomes 
(di, . . . , dr) under the bijection Z{A) — Ylilii^i)- The cases considered previously imply that 

i^'^D = {i^'^Di, ... , ^''Dr) = (di[0], . . . , d,[0]) - dim{D)[0] 

when Vp{k) » 0, as required. D 

Now consider instead the A-ring R{G). In this case we can define Adams operations i/^'^ for fc G N, and it 
is well-known that in terms of characters we have 

Xiji'vig) = xv{g^)- 

As a virtual representation is determined by its character and dim(V^) = xv(l), it follows easily that ijj^ 
is a degree-preserving map of A-rings and that ^jj^if)'' = ij}^^ . Moreover, if e is the exponent of G (in other 
words, least common multiple of the orders of the elements) then tp^ depends only on the congruence class 
of k modulo e. If k is coprime to e (or equivalently, to |G|), it follows that ip'^ip^ — 1 for some j, so V'*^ is an 
isomorphism. In this case the map g ^^ g'^ \s a. bijection, and it follows easily that ^l}^ preserves the usual 
inner product on R{G). A virtual representation V is an irreducible honest representation iff xv(l) > 
and {V,V) = 1, and it follows that -0'' sends irreducibles to irreducibles and thus sends R^{G) to R^{G). 
(Compare 0, Exercise 9.4].) 

However, if k is not coprime to e then ip'^ need not preserve R^{G). For example, take G = E3, let e be 
the nontrivial one-dimensional representation, and let p be the irreducible two-dimensional representation. 
We then have V^(p) = p + 1 - e ^ R+{G). 

Lemma 4.3. Letp" be thep-part of the exponent ofG. Then for any honioniorphism f : R{G) — > Div(G)(A) 
of A-rings and any V G RdiG) we have f{V) G Divd(G) and ipP" f{V) = d[0]. 

Proof. Let the exponent of G be e = p^e', where e' is coprime to p. The map ■0'^ : Div(G) — > Div(G) is an 
isomorphism and fixes d[0], and tp'^ ip^ = ip'^ so it suffices to show that ip^f{V) ~ d[Q]. To see this note that 
'0'^/(^) = /(V''^^) s-iid Xip''v{g) = Xv{g'^) = Xy(l) = d, for all g, so tp'^V is the trivial representation of rank 
d. As / is a ring map, we have fiip'^V) = f{d) = d[0], as required. 



This imphes that i/>p f{V) = d[0] for A:> but Lemma 4.2 says that ipP f{V) = dim(/(y))[0] for A:> 0, 



so dim{f(y)) = d, so f{V) G Divrf(G) as claimed. D 

5. ChERN APPROXIMATIONS 

Definition 5.1. Let G be a finite group, and let ^ be a discrete Ox-algebra. We define a functor Xch(G) 
from discrete Cx -algebras to sets by 

Xc-h{G){A) = { homomorphisms R'^{G) — > Div+(G)(yl) of A-seimirings }. 

We write G{E,G) for the ring Oxch{G) of natural transformations from Xch{G) to the forgetful functor 
A^ We also put X{G) = spi{E°BG). We refer to C{E,G) as the Chern approximation to E°BG, and to 
A'ch(G) as the Chern approximation to X{G). 

Remark 5.2. We say that a homomorphism /: R{G) — > Div{G){A) of A-rings is positive if /(_R+(G)) C 



Div (G)(A). It is clear from Remark 2.7 that Xch{G){A) bijccts naturally with the set of positive homo- 



morphisms R{G) — *■ Div(G)(A), and we will implicitly use this identification where convenient. We also see 



from Lemma 4.3 that positive homomorphisms satisfy /(_RJ'(G)) C Div J (G) (A) . 
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Proposition 5.3. The functor Xch{G) is a formal scheme over X. The ring C{E,G) = OxchiG) *■* ** 
quotient of a formal power series ring in finitely many variables over Ox (and thus is a complete Noetherian 
local ring). 

Proof. Let Vi, . . . , V^ be the irreducible representations of G, and let di, . . . , rf/j be their degrees. We assume 
that these are ordered so that Vi is the trivial representation of rank one. There arc then natural numbers 
rriijk and /[ for r > and I < i, j,k < h such that 

Vi (g) V,- ~ ^ mijk.Vk 

k 

X^V^^ll^.V, 

3 

(Here m.W means the direct sum of m copies of W^.) 

To give a homomorphism /: R^{G) — > Div"*" (G) (A) is the same as to give divisors Di — f{Vi) E DivJ,(G) 
for j = 1, . . . ,h such that 



DiDj = y^mjjkPk 



ijk 
3 

This exhibits Xch{G){A) as the equaliser of a pair of maps from Y[i=i Div^. (G) to 

[]Divd^d^.(G)x[|Div^d^^(G). 

i,j r.i 

In particular, this is a pair of maps between formal schemes over X ^ so the equaliser is a formal scheme over 
X. 

More explicitly, we have Xch(G) — spf (C(i<^, G)), where G{E,G) is defined as follows. We start with 
Ox and adjoin power series variables Cik for i ~ 1, . . . ,h and k — 1, . . . , d^, and put c^o = 1- We then put 
fi{^) — SfeLo Cikt'^'^'^ and impose the relations obtained by equating cocfhcicnts in the following identities 
between polynomials: 

didj 

a=0 k 

(r) 

a=0 j 

The resulting quotient ring is G{E, G). D 

We next explain how to compare Xch{G) to X{G). Let Q be the category whose objects are Lie groups, 
and whose morphisms are the conjugacy classes of continuous homomorphisms. We then have a natural map 

R+iG) =Y[giG,U{d)) ^hT{BG,]]_BU{d)) ^5!i£!iz», ^^(x(G),Div+(G)). 

d d 

By taking adjoints, we obtain a map X{G) — > Map(_R+(G), Div^(G)), and one checks easily that this actually 
lands in the subscheme Xch{G) C Map(i?+(G),Div^(G)) of A-semiring homomorphisms. We thus have a 
natural map 

0G:^(G)->Xch(G). 

In terms of our explicit description of G{E, G), the map 6* : G{E, G) — > E^BG sends Cik to the fc'th Chern 
class of the representation Vi . 

It is natural to ask whether a homomorphism /: R{G) — > Div(G)(A) of A-rings is automatically positive. 
We next show that we always have f{Rl{G)) C Div]^(G) ~ G, but the corresponding claim for d> 1 seems 
to be false. 
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Proposition 5.4. If D e Divi(G)(A) and X''{D) = for all k > 1 then D e Div+(G)(A). 

Proof We can write D ^ E ~ e[Q] for some e > and £■ G Div+_i((G)(A). Put D' = X'+'^E e Div+((G). We 
have E = D + e[Q] so 

i+j=e+l 

SO -D G Div^((G) as claimed. D 

Corollary 5.5. If L e RtiG) and f : R{G) -> Div((G)(A) is a map of A-rmgs then f{L) e DiV]^(G). 



Proof Clearly X'^L = for fc > 1 so X^f{L) = for fc > 1, and f{L) G Divi(G)(A) by Lemma ^ so 
f{L) G DiV]^(G) by the proposition. D 

Proposition 5.6. For suitable formal groups G and rings A, there exist divisors D G Div2(G)(A) such that 
\^D ^Qfork>2butD(^ Div+(G). 

Proof. We will assume that Ox — ^2, so p — 2. Suppose that a, 5 G Gr{A) and 2a = 2b = 0. Put c = a + 6 so 
2a = 2b = 2c ^ a + b + c = 0, and put ^ = [a] + [6] + [c] andD = ^-[0]. Then A^^ = [a + 6] + [6 + c] + [c + a] = 
[c] + [a] + [6] = EandX^E= [0] = IsoAt(^) = 1 + tE + t^E + t^ = {l + tD + t^){l + t), so XtiD) = 1 + tD + t^. 
Thus A'^Z? = for k > 2. If D is in Div+(G)(A) we must have x{a)x{b)x{c) = cz{E) = cs{D + [0]) = 0. Note 
also that x{c) — x{a—b) = x{a)~px(b), which is a unit multiple of a;(a)— a;(6), so the condition is equivalent to 
x{a)'^x{b) = x{a)x{bY. The universal example for A is O x{y , z\ / {[2]{y) , [2]{z)) == F2[j/, 2;]/(y^", z^") (where 
y = x{a),z = x{b)). Clearly in this case we have y'^z ^ yz^ so D ^ Div^(G). D 

6. The group Sa 

In this section we work through the case where G = S3 and E is the 2-periodic version of Morava X-theory 
at the prime 3 with height 2. Many constructions discussed here will be generalised later. Recall that the 
coefficient ring is E* = F3[w, u"-'^], where \u\ = —2. 

We have a coordinate x on G such that 

x(— a) — [—l]{x{a)) — —x{a) 

x{3a) = [3](x(a)) = x{a)^ 

x{a + b) = x{a) +f x{b) = x{a) + x{b) (mod x{a)^x{b)^) 

for all a, 5 G G. (The first equation is true because the formal group law F associated to E has an integral 
lift whose logarithm log^(a;) = J2k^^ 1'^'^ satisfies \ogp{—x) — — log^(a;). The second is well-known, and 
the third follows from fi Lemma 80].) 

Define y,z: DivJ(G) -^ A^ by y{[a] + [b])= x{a)x{b) and 

z{\a] + [b]) = x{X^{[a] + [b])) = x{a + b)= x{a) +f x{b) 

(which is a unit multiple of x{a) + x{b)). One checks that that 0-^^^+,^-, — F3I2/, z\. If we let Z = SDivJ(G) 

be the scheme of divisors D G Div+(G) such that X^{D) = [0] then it follows that Oz = ^sly, z\lz = F3|yl. 
There is an evident map (5: G — > Z defined by 5{b) — \b] + [—6], and y{5{b)) = x{b)x{—b) — —x{b)'^ so the 
map S* : F3I2/] — > F3|a;] sends y to —x^. In particular, we see that 6 is finite and faithfully flat, with degree 
two. 

Next, note that 

5(6)2 ^ [26] + [-26] + 2[0] = ^2(5(6)) + 2[0]; 

as S is faithfully flat, it follows that D^ = tp'^D + 2[0] for any D e Z. 

Let Y be the scheme of divisors D ^ Z such that 'ip'^{D) = D. To analyse this, note that 

a;(26) = x{~b + 36) = [-l](a;(6)) +f [5]{x{b)) = -x{b) + x{bf (mod x{b)^^), 

so 

-x(26)2 ^ -x{bf - x(6)i" (mod xibf^), 
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or in other words 

y{^^5ib)) = yiSib)) ~ y{6{b))' (mod y{S{b)f). 

As S is faithfully flat, we deduce that 

y{iP^{D))^y{D)-y{Df (mod y^Df) 

for all D e Z. It follows that {^p'^)*y - y is a unit multiple of y^ in Fsly] and thus that Oy = ¥'i[y]/y^ 
The character table of G = S3 is 





1 


e 


(7 


1^ 


1 


1 


2 


1.2 


1 


-1 





3 


1 


1 


-1 



From this we see that 

R{G) = Z[e, a]/{e^ - 1,€(7 - (T,a^ - cr - I - e). 

The only interesting A-operation is that A^(ct) — e. 

Let /: R'^{G) — > Div~^{G){A) be a A-semiring homomorphism, in other words a point of Ach(G). As 
Div^(G) ~ G, there is a unique point a G G such that /(e) — [a]. We also write D = fia) G Div^(G). As 
/ is a map of A-semirings, these satisfy 

[2a] = [a]2 = fie^) = /(I) = [0] 
[a]D = f{ea) = /(a) = D 

D^ - f{<J^) = f{a + l + e) = D+[0] + [a] 

X'D = fiX'a) = /(e) = [a]. 

As we work mod 3, the map 2 : G — > G is an isomorphism so the first equation gives a = 0, so the second 
equation is automatic and the last equation says that D E Z. Thus, the third equation becomes 

il)^D + 2[0\ =D^ =i:> + 2[0]. 

The semiring Div~''(G) embeds in the ring Div(G) so we can cancel to see that ijP'^D) — D, so D £ Y. 
We can thus define a map x- Xch{G) — > F by xif) — I{<^)- One can check that the whole argument is 
reversible, so x is an isomorphism and 

C{E,G) - Ox,„(G) ^ Oy = FsM/z/. 

We also have a short exact sequence C3 — > G — > C2 leading to an Atiyah-Hirzebruch-Serre spectral 
sequence 

HP{C2;EiBC3) =^ EP+1BG. 



We have E*BC3 = ¥3[u^^][x]/x^ (where |u| = 2 and |a;| = 0), and C2 acts on this by 



and 



|-l](x) = -X. 
isomorphism 



where y = — 
isomorphism. 



Because G2 has order coprime to 3 we see that the spectral sequence collapses to an 



E*BG = {E*BC3f'- = E*[y]/y^, 
After some comparison of definitions we see that the map 9g- X(G) 



Xch{G) is an 



Theorem 7.1. If G is Abelian then 9g 



7. The Abelian case 
X{G) — > Xch{G) is an isomorphism. 



Proof. Put G* = Hom(G, S^), so R+iG) = N[G*], and let A be an Ox-algebra. If /: N[G*] -> Div+(G)(A) 
is a A-semiring homomorphism, then / induces a group homomorphism /': G* = R{{G) — > G{A) = 
Div^(G)(A). Conversely, given a group homomorphism f':G* —^ G{A) we get a map R^{G) = N[G*] — > 
N[G(A)] of A-scmirings. We can compose this with the map N[G(A)] -^ Div'*'(G)(A) in the proof of 
Proposition |3.2| to get a map R'^{G) — > Div^(G)(A), or in other words a point of XchiG){A). One checks 
that these constructions give a bijection Hom(G*,G(A)) ~ Xch{G){A), or equivalently an isomorphism 
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Hom(G*,G) ~ Xch(G). There is also an isomorphism X{G) ~ Hom(G'*,G) (see [^ Proposition 2.9]), so we 
have an isomorphism X{G) ~ Xc^iG). A straightforward comparison of definitions shows that this is the 
same as 9q. D 

8. The height one case 

In this section we choose a prime p and let E be the p-complete complex K-iheory spectrum. We thus 
have X = spf(Zp), so discrete Ojf- algebras are just p-torsion rings. We also have G = Gm, so 

<G{A) ^ {u e A^ I 1 - M is nilpotent }. 

Theorem 8.1. If E is the p-adic complex K -theory spectrum and G is a p-group then the map 6q : X{G) — > 
Xch{G) is an isomorphism. 

The rest of this section constitutes the proof. We fix a p-group G and write = Oq for brevity. 
The first ingredient is the Atiyah-Segal completion theorem. In the case of a p-group, this says that 

Ox(G) = E^BG ^-Lp® R{G). 

We know that Div(G„i) is the free ring scheme generated by the group scheme G^. Recall that the affine 
line A^ is just the forgetful functor from p-torsion rings to sets. This is a ring scheme in a natural way, and 
it contains Gm as a subgroup of its group of units. We thus have a ring map 

e: Div(G„0 ->Ai 

extending the inclusion of Gm in A-*-. If Z? = J^i '^i['"i] G Div(G„i)(A) then £,{D) = J^i ^iUi e A-*- (A) — A. 

Next recall that Div^(G,„) — G^j/S^, so to describe a function /: Div^(Gm) — > A^ it suffices to give 
the symmetric function / : Gf„ — > A^ such that 

d 

fC^[ut\) =7(ui,... ,ud). 

i=l 

Let (Tj : K'^ —^ h} be the j'th elementary symmetric function and define 

(^jC^Wi]) = crj(l - Ml, . . . , 1 - Ud) 
i 

i 

i i 

Recall that 0^^^^+,^ > is the set of all maps DivJ(Gm) — > h} , so Cj, aj and a'- can be viewed as elements of 

this ring. The function u h^ 1 — u is a coordinate on the formal group G„,. so a well-known argument gives 
an isomorphism 

'^Div+(G„) =ZpIci,--- ,Cdl. 

It is not hard to deduce that 

'^Div+(G™) = ^pKi, ■ • ■ , a'dl, 
which is the completion of the ring Zp[ai, . . . , Od] at the ideal generated by the elements a[ — Oi — {'I). Note 
also that ai{D) = £_{D) for D e Div+(G„0. 

Lemma 8.2. For any divisor D G Divj"(Gm) we have a.j{D) = ^(A-'(D)). 

Proof. We may assume that D = '^jlui] for some elements ui, . . . ,Ud G G„i. For any I C {1, ... , d} with 
/[ = j we put u/ = Hie/ ^*- ^^ t^en have X^ D = ^j[uj] and thus 

^X^{D) = ^M/ = (^j{ui, ... ,Md) = aj{D). 
I 

D 
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Let y be a complex vector bundle over a space Z with associated projective bundle PV , and let D(y) = 
spf (ii^^Py) be the corresponding divisor on G over spf (ii^^Z). If V = ® j^^ ii for some complex line bundles 
Li then each Li can be regarded as an element of E'^Z = K^{Z\ Zp), and one sees easily that D(V^) ~ X^J-^d 
so aj(D(F)) = <Tj{Li, . . . , Ld) = A^(V^). By the splitting principle we see that 

^X^mV)) = a,mV))=\^iV) 

even when V does not split as a sum of line bundles. 

Now consider the case Z = BG and suppose that V comes from a representation of G, which we also call V. 
Suppose we have a point x G X(G) (A) for some p-torsion ring A, corresponding to a ring map x : E^BG — > A. 
One can now check from the definitions that 6{x){V) = x^{M{V)), so f{9{x){V)) = x{f{E>{V))) for any 
/ G ^Div+fG )• ^^ particular, we have 

aM^W)) - Ha.mV))) = x{>^HV)). 

We can now construct the map (: Xch{G) — > X{G) that will turn out to be inverse to 9. Let A be a 
p-torsion ring. A positive homomorphism / G XchiG){A) gives rise to a homomorphism ^a ° f '■ R{G) — > 
A^(^) = A, which factors canonically through Zp (g) R(G) = E'^BG = Ox(g) because ^ is a p-torsion ring. 
This gives a continuous homomorphism Ox{g) — ^ ^j or in other words a point of X{G){A), which we call 
(■(/). This construction gives a natural map (: Xch{G) — > X{G), as required. 

Suppose we start with a point x G X(G){A), corresponding to a ring map x: Zp (g) R{G) = E^BG — > A. 
We need to check that <^9{x) = x, or equivalcntly that ^a{0{x){V)) = x{V) for all F G Zp R{G), and it 
will suffice to do this for all honest representations V G R'^{G) for all d. In that context we have ^ = ai so 

UiOixW)) ^ aM^W)) = xiXHV)) ^ xiV) 

as required. Thus ^9 = 1x(g)- 

Suppose instead that we start with a point / G Xch{G){A), in other words a positive homomorphism 
/: R+{G) -* Div+(G„)(A). We need to check that {e{C{.f)))iV) = f{V) G Div+(G,„)(A) for all F G RJ{G). 
To see this, note that 

a,i9iamv))^cif)i>^'iv)) 

= aj{f{V)). 

It follows that a'ji9iCi.f))iV)) = a'^ifiV)) and the functions a'^ generate 0^^.^+^^^^ so 9{C{f)){V) = f{V), 
as required. This shows that 9( = lxch(G)j so 9 is an isomorphism as claimed. 

9. Reduction to the Sylow subgroup 

By a well-known transfer argument, if P is a Sylow p-subgroup of G then the restriction map E^BG -^ 
E'^BP is injective, and similar methods give some control over the image. In this section we develop some 
analogous results for the approximation C{E, G) to E^BG. Let / be the kernel of the restriction map 
R{G) —^ R{P) (which is independent of the choice of P). Note that R{G)/I is isomorphic to the image of 
the restriction map, so it is a free Abelian group of finite rank and it inherits a A-ring structure. 

Proposition 9.1. Any A-ring homomorphism f : R{G) — > Div(G)(A) factors through R{G)/I. 

Proof. As usual, we let the exponent of G be e — p'"e', where e' is coprime to p. If V^ G / and g ^ G has 
p-power order then g is conjugate to an element of P and thus Xvis) — 0- If 3 is an arbitrary element of g 
then the order of g divides p^e' so the order of g'^ divides p"" , so xvig'^ ) = 0. This proves that V"*^ {V) ~ 0, 
so V''^ {f{y)) = in Div(G)(A). However, the action of V'^ on Div(G)(A) is induced by the action of e' on 
G, which is invertible because e' is coprime to p. This implies that f{V) = as claimed. D 

Corollary 9.2. // \G\ is prime to p then Xch{G) == X{G) = X. U 

Corollary 9.3. Xch{G) is a closed subschem,e of the schem,e of A-ring maps R{G)/I — > Div(G). D 



CHERN APPROXIMATIONS FOR GENERALISED GROUP COHOMOLOGY 



13 



Remark 9.4. The disadvantage of this point of view is that the positivity conditions /(i?+(G')) C Div'*'(G) 
become less visible when we work with R{G)/I. However, the situation simplifies again if we assume that P 
is normal in G. In that case, it is known that the map R'^{G) — > i?+(P)'^ is surjective; this was first proved 
by Gallagher M , and we will give an alternative proof in Section O. The sums of G-orbits of irreducibles in 
R~^{P) give a canonical system of generators for i?+(P)'-', which we can lift to get representations pi, ■ ■ ■ , pt 
of G say. Let di be the degree of pi. If p G -RJ"(G) then resp(p) S R^{P)'^ so reSp(p) ~ ^jTOireSp(pi) 
for some integers rrii > with ^^ rriidi — d, so p — ^ • rriiPi G /. Thus, for any map / : R(G) — > Div(G) of 
A-rings we have f{p) — J2i "^j/Ipj); so if f{pi) £ DivJ.(G) for all i then f{p) e DivJ(G). Using this, we see 
that Xch{G) is the scheme of A-ring maps R{G)/I — > Div(G) such that f{pi) G Divj'. (G) for i = 1, . . . ,t. 

We next give two results that help us to understand R{G)/I without computing R{G). 

Proposition 9.5. Let h be the number of conjugacy classes of elements g ^ G whose order is a power of p. 
Then R{G)/I ~ Z as Abelian groups. 

Proof. We already know that R{G)/I is a free Abelian group, so we just need to determine its rank, so it 
is enough to show that C (8) R{G)/I ~ C''. Let G be the set of conjugacy classes of p-power order, and let 
C" be the set of all other conjugacy classes. Let U{G) be the ideal of virtual representations V G R{G) 
whose character is zero on C". It is well-known that C CE5 R{G) ci F{C 11 C",C). This isomorphism carries 
U{G) to F{G,C) and / to F{G',C) so the map C ^ U{G) -> C (g) R{G)/I is an isomorphism. Clearly 
dime C ® U{G) = \G\ — h, and the claim follows. D 

Remark 9.6. The proof shows that U{G) is a subgroup of finite index in R{G)/L This index need neither 
be a power of p nor coprime to p, as one sees by taking G — S3 and p ~ 2 or 3; the index is 2 in both cases. 



Proposition 9.7. There is a natural isomorphism "Lp ® R{G)/ 1 — KUp{BG) (where KUp is the p-adic 
completion of the complex K -theory spectrum.) 

Proof. Let KUq be the usual G-spectrum for equivariant iiT-theory, and let Lq be its p-completion. It is well- 
known that KUg{S°) = R{G), which is free Abefian of finite rank, and it follows that L'^^iS^) = R{G)^ = 
R{G) ®1p. We give this ring and all its quotients the p-adic topology, or equivalently the profinite topology, 
which is compact. The argument of the Atiyah-Segal completion theorem shows that KUpBG = LPEG is 
the completion of R{G)p at the augmentation ideal Jq. By a compactness argument, we deduce that the 
map R{G)p — •' KUpBG is surjective; the kernel is Jq :— f]f, Jq. Now let P be a Sylow p-subgroup, so by 
the same arguments KU°BP = R{P)^/J^. It is well-known that J^ < pR{P)p for TV > (use the fact 



that xP - ^jP{x) e pR{P) for aU x e i?(-P), for example) and it follows that J^ 
We now have a diagram as follows. 



0, so KU^BP 



R{p);. 



J, 



G 



RiG); 



KU°BG y- 







R{p); 



-^ KU^BP. 



We have seen that the columns are short exact. As Zp is fiat over Z and J, R{G) and R{P) are finitely 
generated Abelian groups, we see that the middle row is left exact. The bottom horizontal map is injective by 
a transfer argument. By a diagram chase we deduce that Ip = Jq, so KUpBG = R{G)p/Ip = {R{G) / I)®'Lp 
as claimed. D 



14 N. P. STRICKLAND 



10. FiNITENESS 



It is a fundamental fact that the scheme X{G) is finite over X, or equivalently that E^BG is a finitely 
generated module over E^. This is proved in the present generality as H, Corollary 4.4]; the argument is 
the same as in m. In this section we show that Xch(G) is also finite over X. We also study some auxiliary 
schemes that come up in the proof, as they turn out to be useful in specific computations. 

Definition 10.1. For any u > we put 

G{v) =ker(p'': G -> G). 

In terms of our coordinate, we have G{v) = spf(£'*'|x]/[p''](a;)). Next, recall that G{v) < G is a divisor of 
degree p"", where n is the height of G. For any m > we let G(u, m) be m times this divisor, considered as a 
subscheme of G; in other words G(w, m) — spf (£'"|a;]/[p"](a;)"'). For any formal scheme Y over X such that 
Oy is a free module of finite rank r over Ox, we define y^/I^d to be spf of the d'th symmetric tensor power 
of Oy over Ox- If {ei, . . . , Cr} is a basis for Oy over Ox then the monomials e" := n[=i ^7' with ^- ai = d 
form a basis for Oy^/y.^, so this ring is free of rank ("^^^^^j over Ox- We will use this construction in the 
cases Y = G(u) and Y — G(W; m). Finally, we define Z(w, d) to be the scheme of divisors D E DivJ(G) such 
that i:P^D = d[0]. 

Theorem 10.2. The scheme Z{d,v) is finite and flat over X , of degree p^ . There are closed inclusions 

G(w)VSd -^ Z{v-,d) -> G{v,df/Y.d -^ Div+(G). 

The first two of these are infinitesimal thickenings, in other words the corresponding maps of rings are 
surjective with nilpotent kernel- If Ox is a field (necessarily of characteristic p) then Z{v, d) is the fibre of 
the nv-fold relative Frobenius map 

PZu^yx-- Div+(G) ->Div+((Fr)*G), 
so 

Oz(.,d)=Ox[ci,...,cJ/(cf"''). 

Proof. First suppose that Ox is a complete regular local ring. (In the topological context, this occurs when 
E is Landweber exact.) Consider the following diagram: 



Z{v,d) ) > DivJ(G) ^ 



X — Div+ 



C 

In the right hand square, all the corresponding rings are complete regular local rings. A finite injective map 
of such rings always makes the target into a free module over the source ||l|, 2.2.7 and 2.2.11]. The maps tt* 
and (p")* are finite injective maps of degrees d\ and p"^". It follows that {ipP )* is finite and injective, and 
thus (as deg{fg) = deg(/) deg{g) in this context) that -0^ is flat of degree p"''^. The left hand square is a 
puUback by definition, and it follows that Z{v, d) is flat of degree p"''" over X. Using [El Proposition 5.2], it 
is not hard to deduce that this result remains true even if Ox is not regular. 

Next, let X be a coordinate on G. Then {x* | i < p"'"} is a basis for C'G(ti) over Ox, and {z* | i < p"™"} 
is a basis for Ocfti,™)- Using this we obtain bases for the rings 

A - Ogh<* ^Oxlxi,--- ,x4/i[p'']ix,)) 
and 

A' = Og(..™)- = Oxlxi, ---, x4/{[p-]{x,r) 
that are permuted by E^, and the orbit sums give bases for the rings 

B = Og(«)-/s. = A^- 
and 

B' = OGi,,m)/^,^{A'f'- 
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Using these, it is easy to see that the map B' —t B is surjective, so the map 'G{vY /Y^d — > G(w, mY /Y^d is a 
closed inclusion. A similar argument shows that G(w, mY /Yd is a closed subscheme of DiVj[(G). 
Next, put 

J = ker(A' -. yl) = (b^Kxi), . . . , [p"](:Ed)). 

This is clearly a nilpotent ideal, and ker(_B' —^B)=B'r\J which is a nilpotent ideal in B' . Thus our map 
G{vY/Yd — > G{v,mY/^d is an infinitesimal thickening. 

It is clear that G{vY/'Sd is contained in Z(v,d). Next, let W{v,d) be the preimage of Z{v.d) in G"^, or 
equivalently the scheme of d-tuples a = (ai, . . . , ad) G C such that X^Jp"^*] = '^M- If a G W{v, d) then 
for each i we have p"ai G d[Q\ so Oi € (i.(p'')~^[0] = d.'G{v) = G{v^d). This means that a e G(w,(i)'' and 
thus E»[a»] G G(w,d)'^/I]d, so the map W{v,d) -^ Z{d,v) -^ Divd(G) factors through <G{v,dY/Yd. As tt is 
faithfully flat, it follows that Z{v,d) C G{v,dY/'^d as claimed. 

We now have maps 

G{vY/Yd ^ Z{v,d) ^ G{v,dY/Yd -^ Div+(G). 

We know that ji, k and kj are closed inclusions and that ji is an infinitesimal thickening. It follows easily 
that i, j and k are closed inclusions and i and j are infinitesimal thickenings. 

Now suppose that X is a field of characteristic p. Wc then have an iterated Frobenius map F™ : X — > X 
corresponding to the ring map a ^-^ a^ and thus a formal group G' = (_F™)*G over X. The map Fq" gives 

rise to a map / = -Fg/^ : G — > G'. As G has height n, the map p" : G — > G factors as G — > G' — > G, where g 
is an isomorphism. This is just the geometric statement of the fact that [p"](x) — '){x^ ) for some invertible 
power series 7. By definition Z{v^ d) is the fibre of the map Divj"(G) — > DivJ(G) induced by p" : G — > G, 
and it follows easily that it is also the fibre of the map Divj"(G) — > Divj"(G') induced by /. It is easy to 
identify this with the map F™ +.„>■ If we use the usual generators for the coordinate rings of DivJ(G) and 

Divj^(G') then the corresponding ring map sends c^ to c^ , so Oz{v,d) = Ox|ci, . . . , Cd\/[(?k )■ ^ 

Corollary 10.3. The scheme Xch{G) is finite over X . 

Proof. Let Vi, . . . ,Vh he the irreducible representations of G, and let di, . . . ,dh be their degrees. As in the 



proof of Proposition ^, we see that Xch{G) is a closed subscheme of JJ- DivJ. (G). Now let p" be the p-part 
of the exponent of G. We see from Lemma [I.3| that Xch(G) is actually contained in Y[i Z{v, dj), which is 
finite over X by the theorem. It follows that Xq]^{G) itself is finite, as claimed. D 

Corollary 10.4. For any divisor D G Div(G)(yl) there exist w > such that ip^^D) — il^^{D) whenever 
k,l ^ l^p with k — I (mod p™). 



Proof. We can reduce easily to the case where D G Divj"(G) for some d > 0. Lemma 4.5 tells us that 
tpP^D == d[0] for some v, so D e Z{v,d){A) < G{v,dY/Yd{A). Next note that A is a discrete Ox-algebra 
so p is nilpotent in A, say p^ — 0. It follows that [p^]{x) = fi^^) for some power series / with /(O) = 0, 
and thus that [p''''](a::) is divisible by x^ . Thus, for large u we have [p"](a;) = (mod x"^), so [p""'""](a;) — 
(mod [p'"]{xY), so G(w, d) < G(?i + v). If we put w — u + v this tells us that D G G(wY/Yd, and the action 
of t/j'' on G{wY /Yd clearly depends only on the congruence class of k mod p"' , as required. D 

11. Generalised character theory 

In g, Hopkins, Kuhn and Ravenel describe Q E^BG in terms of "generalised characters". In this 
section we will give an analogous but less precise description of Q (g) C{E, G). 

To explain the HKR theory, write 9 = (Qp/Zp)" and 6* = Hom(e,(Q)p/Zp) = Z^'. (Elsewhere these 
are denoted by A and A*, but there are enough A's in this paper already.) Let 9(w) be the subgroup of 9 
killed by p", and let Level(w,G) be the scheme of maps <f): 9(w) — > G such that X]aee(t>)['?^('^)] — ^(^) i^ 
Div (G). See for more information about these schemes. Put Z),„ = OLcvcifm.G) and D = lim £),„ and 

L ~ Q(^ D. This is a free module of countable rank over Q ® Ox. If G is a universal deformation (as in 
the case considered by HKR) then it can be described more explicitly: the Weierstrass preparation theorem 
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implies that [p"](x) is a unit multiple of a monic polynomial gv{x) of degree p"", and L is obtained from 
Q ® Ox by adjoining full set of roots for gv{x) for all v. 

Now let il{G) be the set of G-conjugacy classes of homomorphisms 9* — > G, and let F{n{G), L) be the 
ring of all functions u: il(G) — > L (with pointwise operations). HKR construct an isomorphism 

T : L ®Ox E°BG -> F{n{G), L). 

They work with a particular admissible cohomology theory E, but it is not hard to extend their result to all 
admissible theories; see |Q, Proposition 5.2 and Appendix B] for some pointers. 

Now consider the A-semiring N[8] — W^ Q'^/'Sd and the A-ring Z[Q] . If we give Q* its p-adic topology then 
every subgroup of finite index is open and any continuous homomorphism O* — > GLn{C) factors through a 
finite quotient of O*. Using this we can identify N[0] with the semiring of continuous representations of &* , 
and Z[0] with the corresponding ring of virtual representations. 

Definition 11.1. We say that a A-ring homomorphism /: R{G) — > Z[0] is positive if f{R'^{G)) C Z[0] + . 
We write fichiG) for the set of A-semiring homomorphisms R'^{G) — * Z[0] + , or equivalently the set of 
positive A-ring homomorphisms R{G) — > Z[0]. 



Remark 11.2. The arguments of Lemma 4.3, Corollary 5.5 and Proposition 9.1 show that any positive 



homomorphism /: R{G) — > Z[8] of A-rings automatically sends R'^{G) to Z[0]J and / to (where / is the 



kernel of the restriction map to a Sylow subgroup). There is also an evident analogue of Remark 9.4 for 

nchiG). 

Remark 11.3. From the definitions we know that the A-operations determine the Adams operations. Con- 
versely, it is well-known and easy to check that the Adams operations determine the A-operations rationally. 
As Z[8] is torsion-free, it follows that a ring map /: R{G) — > Z[8] preserves the A-operations iff it preserves 
the Adams operations. The corresponding statement for homomorphisms R{G) — > Div((G) is false, however. 

Theorem 11.4. There are natural maps k: n{G) — > ftch{G) and Tch'- L ® G{E, G) — > L ® E^BG making 
the following diagram commute: 

L ® C{E, G) ^^^ L E°BG 

TCh 

F{nch{G),L) -—^F{n{G),L). 

K 

(Here the tensor products are taken over E^ .) Moreover, the map Tch is surjective with nilpotent kernel. 

Proof. For brevity we wiU write G{L, G) = L ® G{E, G) and L"BG = L® E°BG. This is a shght abuse 
because these functors do not arise from a spectrum L. We also let v be any integer greater than or equal 
to the p-adic valuation of the exponent of G. 

Any homomorphism it: 8* — > G factors through 8*/p" — Q{v)* and thus is automatically continuous 
(for the discrete topology on G). It thus gives a positive homomorphism u* : R{G) — > Z[8], and it is 
well-known that this depends only on the conjugacy class of u, so this construction gives a natural map 
k: n{G) ^nchiG). 

It is easy to see using Adams operations that any positive homomorphism /: R(G) — > Z[8] actually 
lands in the subring Z[8(w)]. Suppose we have a level structure cj): Q{v) — > G{A). As 8(u) is a finite 



Abelian group, this gives rise as in Theorem 7.1 to a positive homomorphism R{Q*/p'") = Z[Q(v)] — > 
Div(G)(A), which we can compose with / to get a positive homomorphism R{G) — > Div(G)(^), or in other 
words a point of A'ch(G)(^), which we call Pch{f,4')- This construction produces a map pch'- ^ch(G) x 
Level(u, G) — > Xqi^{G) of formal schemes over X, corresponding to a map p^j^ : C{E, G) — > F(r2ch(G), Dy) C 
F{^Ch(G), L). After tensoring by L we obtain the required map rch : C{L, G) — > F(rich(G), L). 

We next recall the definition of r. Suppose that u: Q*/p" — > G and cj) G Level(i;,G) C Hom(8(i;),G) = 
X{Q*/p'"). We then have a point p{u,(f)) :— X(u){(j)) € X{G). This construction gives a map p: il{G) x 
Level(i;,G) -^ X{G) and thus a map p* : E°BG -* F{n{G),Dy) C F{n{G),L). After tensoring by L we 
obtain the required map r. 
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One can check from the definitions that the following diagram commutes: 

^ch(G) . X{G) 



PCh 



VlGh{G) X Level(TO,G) ^- n{G) x Level(m,G). 



It follows easily that the diagram in the statement of the theorem commutes. 

To understand rch niore explicitly, let (p G Level('i;,G)(D„) be the universal example of a level structure. 
For any element a S Q{v) we then have a point 0(a) G G{Dy) and thus an element Xa '■= x{4'{a)) G Dy. 
These elements satisfy Xa+b — Xa+F'^h and G(w) = X]aee(D)['?^('^)] ^^ divisors, or equivalently [p''](i) is a unit 
multiple of J^^ (i — Xo ) in D^ |i] . It is also known that Xa — Xh is invertible in L whenever a ^ b (because it is a 
unit multiple of a^a-fc, which divides W^m Xc ~ ±[p'"]'{0) = ±p"). Let the representations Vi and the elements 
Qfe e C{E,G) be as in the proof of Proposition [sj. If / e Och(G) and /(V,) = [ai] + ... + [aa] e N[e{v)] 
then Tch(cifc)(/) is the fc'th symmetric function in the variables Xa-^, ■ . ■ ,Xaa, and this characterises rch- 

We next show that rch is surjective. For any u G flch{G) we define £« : C(L, G) — > Lhy eu(c) = Tch(c)(w), 
and we put /„ = ker(e„) < C{L,G). By the Chinese Remainder Theorem, it will suffice to show that 
lu + Iv = C{L, G) whenever u ^ v. If u ^ w we can choose V e R^{G) such that u{V) ^ v{V) G N[9]. If 
"(^) = X]a"^a['^] ^^'^ '^(y) — '^a''^a-\'A then we must have mi, ^ rib for some b, and without loss we may 
assume mb > rib. Define 

ka = min(nQ,ma) 
C = ^fca[a] 

a 

A = '^{ria ~ ka)[a] 

a 

B = ^(ma -ka)[a]. 

a 

We can write A in the form [ai] + . . . + [ad] with ai^b for all i. We also write /a(0 — X\i^~^a.i\ so fA{xb) is 
invertible in L. On the other hand, the representation V G R^{G) gives rise in a tautological way to a divisor 
Dv G mv+{G)iC{E,G)) with equation /D^(i) G C{E,G)[t], say We have e„/Dv(t) = fA+c{t) = fA{t)fc{t) 
and evfovit) = fB{t)fc{i)- The polynomial fc{i) is monic and thus is not a zero-divisor, so fA{t) = fsit) 
(mod /„ + /„). We evidently have fsixb) = so fA{xb) — (mod /„ + /„). As fA{xb) is invertible in L, we 
deduce that /„ + /^ = 1 as required. 

Finally, we must show that the kernel of rch is nilpotent. This kernel is the intersection of the ideals /„, 
so by well-known arguments it suffices to show that every prime ideal in G{L, G) contains /„ for some u. To 
see this, put R = C{L, G) and let p < i? be a prime ideal. If D G DivJ(G) (C(i?, G)) is a divisor satisfying 



ipp"(D) = d[0], then Theorem ^^ imphes that D G G{v, dY/T,d and thus that D < (P.G{v) as divisors, or 
equivalently foit) divides [p"](<)'' , which is a unit multiple in Dv[t] of Y\ae0(v)i^ ~ ^^Y ■ Now let K be 
the field of fractions of R/p, and note that Xa — Xb is invertible in L and thus in K when a ^ b. As K[t] is a 
unique factorisation domain, we see that foit) = Yla^^ ~ ^Ja)™" in K[t] for a unique system of integers ma- 
We define w{D) = J2a''^a[a] & ^[0(^)]d • ^^ particular, if F G R^{G) we can let Dy be the tautologically 
associated divisor over G{E,G) and put u{V) — w{Dv)- One can check that this gives a homomorphism 
u: R~^{G) — > Z[8] of A-semirings, or in other words an element u G ftcii{G). From the construction it is 
automatic that /« < p. D 

Example 11.5. If G is Abelian, it is easy to see that fich(G) = Hom(G*,e) ~ Hom(e*,G) = n{G) and 
that K is an isomorphism. 

Example 11.6. Consider the symmetric group G — E/j. This acts in an obvious way on C'^, and we call 
this representation tt. It is known that tt generates R{G) as a A-ring. Thus, an element / G i7ch(G) is 
determined by the value /(tt) G Z[0]^. 
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As discussed in [Q, the set fl{G) can be identified with the set of isomorphism classes of sets of order 
k with an action of 0*. For any finite subgroup ^ < we have a homomorphism O* — > A* and thus an 
action of 8* on A*. Note that 0* is just a single point with trivial action. We write m.A* for the disjoint 
union of m copies of A* . If T is a finite 0*-set, then T can be written in an essentially unique way in the 
form Uirui.A*. 

If we write [A] — X^ae/iH ^ ^[9] then by working through the definitions we find that k(}J^ mi.A*)(TT) — 
^j?Tii[yli], which effectively determines k. 

It is now easy to exhibit cases in which k is not injective. For example, suppose that p — 2 and n > 1 
and fc = 6. We can then find two distinct, nonzero elements a,b G 0(1) and put c — a + b. Let A, B and C 
be the groups generated by a, b and c respectively, and put V = A + B = {0,a,b, c}. Then 

k{V* n 2.0*)(7r) = k{A* n b* n C*){-k) = 3[0] + [a] + [b] + [c], 

so K is not injective. In Section |l5| wc will give examples where k is not surjective. 

12. Calculating VLcn{.G) 

In this section we define sets J7'(G) and Q/'iG) which in some cases may be easier to compute than S7(G) 
or fichCG), and we define natural maps 

n{G) -» n'{G) ^^ f^ch(G) ^^ n"{G). 

Definition 12.1. Let C be the set of conjugacy classes of elements of p-power order in G. We let the multi- 
plicative monoid Z act on 8* in the obvious way, and on C by k.[g] — [g'^]. We say that two homomorphisms 
u,v: O* — > G are pointwise conjugate if u{a) is conjugate to v{a) for all a G 8*. We recall the definitions of 
il{G) and ^ch{G) and define new sets ft'{G) and fl"{G) as follows: 

n{G) = Hom(e*,G') /conjugacy 
ft'{G) — IIom(8*, G) /pointwise conjugacy 
51" (G) = {Z-equivariant continuous maps 8* — > G} 
^Ch{G) = { positive A-ring homomorphisms R{G) — > Z[8]}. 

Proposition 12.2. There are natural maps as follows: 

n{G) -» n'(G) >-^ nch{G) ^^ n"{G). 

Proof. There are evident natural maps 

n{G) -» n'{G) ^^ n"{G). 

We have also already constructed a map k: fl{G) — > 51ch(G). If u,v: 8* ^ G are pointwise-conjugate 
then the induced maps from class functions on G to class functions on 8* are evidently the same, so the 
induced maps R{G) — > Z[8] are the same, so k{u) = k{v). This shows that k factors through the projection 

n{G) -> n'iG). 

We next define a map ^: flch(G) -^ fl"{G). Suppose that u e flchiG) and a e 8* = Hom(8, S^). Then a 
extends in a natural way to give a C-algebra map a: C[8] — > C and thus a ring map (Ic ® u)a : C(8)i?(G) — > C. 
Using the fact that C^R{G) is the set of C- valued class functions on G, we see that Homc-Aig(C $5 i?(G), C) 
can be identified with the set of conjugacy classes in G. Thus there exists h G G (unique up to conjugation) 
such that (1 (g) u){a{V)) = Xv{h) for aU V G -R(G). We can choose m so that u{V) £ Z[8(m)] for all V, 
and then we have xvih^ ) = Xtpp'^vih') — Xdim(v)('i) — dim(F) for all V, so h^ ~ 1. This means that the 
conjugacy class [h] hes in G, so we can define ^{u){a) = [h]. We leave it to the reader to check that this gives 
a map ^: flch{G) — > J7"(G) as claimed. The maps a: Z[8] — > C (as a runs over 8*) are jointly injective, an 
it follows that ^ is injective. One can also check that the composite il'{G) — > Q.ch{G) — > r2"(G) is just the 
obvious inclusion, which implies that the map f2'(G) — > flch{G) is injective. D 
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13. Special divisors 

In this section wc study "special" divisors, which are related to the special unitary group in the same way 
that arbitrary divisors are related to the full unitary group. 

Definition 13.1. A divisor D G DivJ(G) is special if X'^D = [0]. We write SDivj"(G) for the scheme of 
special divisors. 

Proposition 13.2. We have Cgoiv+fc) ~ Ox\c2, . . . ,Cd\. In the topological situation this can be identified 
withE°BSU{d). 

Proof. Put A = O^d = Oxlxi, ■ ■ ■ ,Xdl and A' = 0^^^^+,^. = A'^-' = Oxlci, ■ ■ ■ jcj. Here q is the i'th 
elementary symmetric function, and in particular ci = "^^Xi. Put c'l — ^^ Xi G A'. If we regard A'^ as a 
map Divj"((G) — > DiV]'"((G) = G then c'^ ~ x o A'', so we see that Oms ~ ^/c'l and CsDiv+(G) ~ ^'/c'l- Next, 
observe that the inclusion A' —^ A induces an inclusion A'/{cl,C2, . . . ,Cd) — > A/(xi, . . . ,Xd)'^. We have 
c'l = ci (mod (xi, . . . , Xd)'^) so c'^ — ci (mod c^, C2, . . . , Cd). It follows easily that A' — Oxlc'i, C2, . . . , Cdj 
and thus that A'/c[ = Ojc |c2, . . . , Cd]. D 

We next put H^ — ker((G'' — > G). If we let q: C^ -^ DivJ(G) be the usual projection (which is finite and 
faithfully fiat, with degree dl) then Md = q~^ SDivj^(G). It follows that the map q: H^ — > SDivj"(G) is also 
finite and faithfully fiat, with the same degree. It clearly factors through Md/T,d := spf(C'jj''), and one would 
like the induced map q: H^/Sd — > SDivJ(G) to be an isomorphism. However, quotient constructions in 
algebraic geometry are never as simple as one would like, and we do not know whether this is true in general; 
certainly it becomes false if we remove our assumption that G has finite height. For example, consider the 
case where G is the additive group over F2 and d — 2; then 2a = for all a G G so E2 acts trivially on 
H2 = {{a,— a) I a £ G} so the map q: Md/^d —^ SDivJ(G) has degree two. However, we do have the 
following partial result. 

Proposition 13.3. If d is invertible in Ox then SDivJ(G) = Hd/S^. 

Proof. As d is invertible in Ox, multiplication by d is an automorphism of G. Define maps GxH^ — > G'' — > G 
by /(a, 61, . . . , fed) — (a + fei, . . . , a + fed) and g(fei, . . . , fe„) — X^i bi/d, and then define h: G'^ — > G x Hd by 
h{k) ~ (.9(^)1 bi —5(6), . . . , bd — g(b)). Clearly h is inverse to /, so / is an isomorphism, giving an isomorphism 
0(gd = Og^Om^ = ChjjI^;] of rings. If we let Sd act trivially on G then everything is cquivariant, so we 
have O^i = O^'^ (xl so Div+(G) = G7Sd = G x (Hd/Sd). □ 

14. The group Y.4 

We now consider the case where G = S4 and E is the 2-periodic Morava i?-theory spectrum of height 2 
at the prime 2. We shall show that the map C{E, G) —^ E'^BG is an isomorphism. To be more explicit, 
we need to name some representations. Note that E4 acts on C* with a one-dimensional fixed subspace; we 
let p be the representation of G on the quotient space. We also write e for the sign representation. We let 
K — E/I2 denote the 2-pcriodic Morava ii'-theory spectrum. 

Theorem 14.1. Let 02,03 G E'^BYi^ be the Chern classes of the representation ep, and let w be the Euler 
class of €. Then C(i<^, S4) = E'^BY^4, and this is a free module of rank 17 over E^ , with the following 
monomials as a basis: 

1 C2 C2 c| C3 

W WC2 WC2 WC3 

2 2 2 2 2 

W W C2 W ci W C3 



Moreover, we have 



00 3 2 3 

u w C2 w ci W C3. 



C{K, E4) - i^°BE4 = G{E, E4)//2 = K"[w, C2, C3]/ J, 
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where J is generated by the following elements: 



W , C^ , C2C3 , 

C2 + W^Cj + WC2 + w'^cs, 

WC2 + w'^C2 + WC^. 



We will prove this in a number of stages. In Section 



14.1 



we assemble the facts that we need about the 
representations of S4, and in Section 14.2 we deduce that the map k: ri(E4) — > Qc hi'^'i) is a bijection. We 



then recall some formulae for the relevant formal group law, and in Section 14.4 we use them to analyse 
the structure of an aux iliary scheme denoted SDivj^(Go)'". This allows us to complete our determination 
of C{K, S4) in Section 14. 5| , with the help of some theory of Grobner bases. We find in particular that 
C{K,T,4^) is a Gorenstein ring, which enables us to use the inner p roduc ts defined in [10 to show that the 
map 9: C{K, S4) — > K^B'S^ is injective; this is explained in Section li.t . We know from |^ that K (n)* BT,4 
is concentrated in even degrees, an d it fo llows that E'^B'S,4 is a free module over E^ of rank |r2(I]4)| = 17; 
see |ll[ for more details. In Section 14.7 we combine these various facts to prove the theorem. 



14.1. Representation theory. Our first task is to understand the structure of R{T^4). We have already 
defined the characters e and p. It is a standard calculation that there is another irreducible character a of 
dimension 2 such that the character table is as follows: 



class 


size 




e 


(T 


P 


ep 


14 


1 




1 


2 


3 


3 


1^2 


6 




-1 





1 


-1 


22 


3 




1 


2 


-1 


-1 


13 


8 




1 


-1 








4 


6 




-1 





-1 


1 



The ring structure, Adams operations and A-operations are described in the following table. 



V''(e) 



€(T = a 




^P^a) -- 


= 1 -e+CT 


0-2 = 1 + e + cr 




^\a) -- 


= l + e 


ap = p + ep 




^\p) - 


= l + o- + /9 — ep 


P^ = l + G + p + 


ep 


^\p) - 


= 1 + e-cr + p. 



\\a)^e 
XHp)^ep 



3/'„^ - 



A^(p) 



(The first two columns are easily checked by looking at the characters, and the last column follows using the 
standard formulae relating Adams operations to A-operations.) 

Let P be a Sylow 2-subgroup (a dihedral group of order 8) and / be the kernel of the restriction map 
R{Y.i) -> R{P); one checks that / = (a - 1 - e). Put t = ep e R'^i^i); one checks that A'=(t) = e'=A'=(p) 
and so X'^{t) — r and X^t = 1. We have 

i?(S4)// = Z{1, e, T, er} = Z[e, t\I{<? - 1, r^ - 1 - (1 + e)(l + r)). 

The operation f/''^ acts as the identity on this ring when fc is odd, and we have 



^\e) = 1 
Vir) = 2 



- (. -V eT — T. 



CHERN APPROXIMATIONS FOR GENERALISED GROUP COHOMOLOGY 21 

Proposition 14.2. The set nch{'S4) can be identified with the set of pairs {d,u) e 6(1) x Z[0]j^ such that 

2d = 
XHu) = [0] 

ifi^^{u) — u 
i^^{u)+u = 2[Q] + [d] + [d]u. 

Similarly, Xchi^i) can he identified with the scheme of pairs {d,D) G G(l) x Div;^(G) such that 

2d=0 
X'{D) = [0] 

tP^iD) + D = 2[Q] + [d] + [d]D. 
Proof. Given a positive homomorpliism /: RiT^^) — > Z[8], let d G be the element such that /(e) = [d\ 



and put u = f{T). We know from Remark 11.2 that /(/) =0 and it follows easily from our description of 
RCSi)/! that d and u have the properties listed. Conversely, given d and u as described, we can define a 
homomorphism /: R{T,4)/I — > Z[0] of additive groups by 

/(I) = [0] 
fie) - [d] 
fir) = D 
fier) = [d]D. 

It is straightforward to check that this gives a homomorphism of A-rings, and that these constructions give 
the required bijection. The argument for Xch(5^4) is essentially the same. D 

14.2. Generalised character theory. We next work out the generalised character th eory (as recalled in 
Section |lj) of S4. The set n{Y,i) can be described in terms of 8*-sets as in Example 11 .G] . We can thus 
write U{Y,4) as the disjoint union $0 H ■ • ■ U ^4i where 

• $0 consists of the set 4.0* := 0* E 0* H 0* H 0*. 

• $1 consists of the sets 2.0* H A*, where A ~ Z/2 (so |$i| = 2" - 1). 

• $2 consists of the sets A* U B* , where A ~ i? ~ Z/2, and A may be equal to B. We have |$2| = 
i|$i|(|$i| + l) = 2"-i(2"-l). 

• $3 consists of the sets A* where A ~ (Z/2)2. We have |$3| = (2" - l)(2"-i - l)/3 (by counting the 
number of linearly independent pairs in (Z/2)" and dividing by |Gi2(^/2)| = 6). 

• $4 consists of the sets A* where A ~ Z/4. There are 2^" — 2" points in Q of order exactly 4, and each 
subgroup in $4 contains precisely two of these, so |$4| = (2^" - 2")/2 = 2"~^(2" — 1). 

Proposition 14.3. The map k: 51(E4) — > ilchi'^4) is a bijection. 
Proof. Define 

*. = Hi<^^) C r!ch(S4). 



Recall from Example 11.6 that k(]J^ TOi.A*)(7r) — ^^mjvli]. An easy case-by-case check shows that the 
sets Vfi are disjoint and that the maps k: ^i — > ^i are bijections. It will thus be enough to show that the 
union of the sets ^^ is the whole of flchi^4)- 

Suppose we have an element / € Jlch(S4), with /(e) = [d] and /(r) = u — [a] + [b] + [c] say. Let 
A, B and C be the cyclic subgroups generated by a, b and c respectively. Put v — /(tt) = [0] -t- [d]u = 
[0] + [a + (i] + [5 + d] + [c -I- d], and recall that this determines /, because tt generates i?(S4) as a A-ring. As 
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i/i^T = 3[0] we have Aa = 4b = Ac = 0. By Proposition 14.2, we have 

2d = 
a+b+c^O 

[a] + [b] + [c] = [-a] + [-b] + [-c] 
[2a] + [2b] + [2c] + [a] + [b] + [c] = 2[0] + [d] + [a + d] + [b + d] + [c + d]. 

Suppose that ip'^{u) ^ 3[0]. Without loss of generality we may assume that 2a 7^ so —a ^ a. The third 
equation implies that —a G {b, c}, so we may assume that —a — b. As a + 5 + c = we must have c — Q. 
Recall also that 4a = so 2a = —2a. Putting all this in the last equation and cancelling 2[0] gives 

2[2a] + [a] + [-a] = 2[d] + [d + a] + [d - a]. 

Note that 2a and d have order 2, but a, —a, d + a and rf — a do not. It follows that we must have 2a — d 
and thus v=[Q] + [a] + [2a] + [3a]. We conclude that / = k(v4*) £ ^4. 

We may thus assume that 'ijj'^{u) = 3[0], so 2a = 26 = 2c = 0. Suppose that d = Q. Asa + 6 + c = 
we see that D := {0,a,6, c} is a subgroup of G, of order 2'^ say (so e S {0,1,2}). This implies that 



V = 2'^-^[A] = K(22-M)*)(7r), so / = k{2'^-^.D*) e *o U *2 U ^3 



We may thus assume that 2a = 2b = 2c = 2d = Q and d ^ Q. The equation ilP'{u) + u = 2[0] + [d] + [d]u 
then reduces to 

[0] + [a] + [b] + [c] = [d] + [a + d] + [b + d] + [c + d]. 

It follows that d e {a, 6, c} and without loss we may assume that d — a. Note that c — a + b ~ d + b (because 
a + b + c = 0). If 6 = this gives c — a — dsov — 3[0] + [a], so / = k(2.0* U A*). The same argument works 
if c = 0, so we reduce to the case where a = d ^ and 6 and c are also nonzero. We then have 

v=[0] + [a + d] + [b + d] + [c + d] = 2[0] + [c] + [6] = [B] + [C], 

so/ = K(B*nc*) £$2. n 

14.3. The formal group lav^r. Let G be the formal group associated to E, and let Go be its restriction to 
the special fibre Xq C X, or equivalently the formal group associated to K. This has a standard coordinate 

1, which is in fact defined over F2. We will need the 



giving rise to a formal 


group 


law F over 


Oxa = 


= A'" = 


= F4 


which ] 


following 


formulae: 




[2]{x) ^ 


x^ 














hl](^) - 


x + x^ 


+ a:i" 


+ x 


16 + a;22 



(mod x^^) 

X +p y = X + y + x^y"^ (mod x^y"^). 

The first of these is well-known and the second can be proved by straightforward computation; for the third, 
one can adapt the method of y, Section 15] to the case p — 2. 

14.4. The scheme SDiv;^(Go)'^. Let C be the group (of order 2) generated by tjj~'^ , so 

SDiv+(Go)^ = {D^ Div+(Go) | X^D = [0] and ip'^D = D). 

We have seen that Cg^j^+zj, -. — F4IC2, C3]; our next task is to determine the quotient ring OgDiv+fG l"^" 

Proposition 14.4. We have 

'^SDiv+(Go)^ = IF4IC2, C3l/(C2C3, C^) = F4IC2] ® F4.C3. 

Proof. Put A ^ F4IX, y, z] and 

d ~ X +F y +F z 
ci — X + y + z 
C2 — xy + yz + zx 
C3 = xyz. 
Put A' = A^' = ¥4d, C2, C3], so A is free of rank 6 over A'. Put B' = A'/dA' and 

B = A/dA = B' ®A' A = F4IC2, C3] - OsDiv+(Go)- 
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For any clement u E A we write u = {ip^^)*{u), so u i-^u is & ring map and u = [— 1](m) for u G {x, y, z, d\. 
Put C = B/{c2 — C2,C3 — cz)B and C" = B' /{c2 — ci,cz — cz)B' = Csoiv+(G )^- "^^"^ claim is that the ideal 
in C generated by C3 is free of rank one over F4, and that C /c^C = F4IC2], so that C" = F4IC2] © F4.C3. 
We will think of Div;^(Go) as being embedded in Div;^(Go) by the map Z) h^ Z) + [0], so 

^Div+(Go) = ^Div + (Go)/'^3 - F4|d,C2]. 

There is a faithfully flat map Go — > SDiv;^(Go) sending a to [a] + [—a], and clearly -(/'^^([a] + [—a]) = 
[a] + [-a] so SDiv+(Go) C SDiv+(Go)'^. It follows that Div2(Go) n SDiv+(Go)'^ = SDiv+(Go), and thus 
that C'/czC = F4IC2] as claimed. 

This implies that we must have C2 — C2 = C3r2 and C3 — C3 = c^iV^i for some r2, rs G B' . 

Now work in i?/(x, y, zf . We have 

z = a; +F y = a; + y + a; + a; y + y 
a; = X + X 

27 = ^ + ^^^ 
z = x + j/ + x y 

C2 = x^ + xy + y^ + x^ + x"*?/ + x^y^ + x^y^ + xy^ + y^ 
c^ = X y + xy + X y + x y + xy 
C2 - C2 = C2C3 = x'^y + xy** 

— 2 4 2,24 

C3 - C3 = C3 = X y + X y . 

We also find that the ideal C3. (02,03)^ maps to zero in this ring. Using this, we find that r2 = C2 
(mod (c2,C3)^) and r^ = C3 (mod (02,03)^), so B' = F4|r2,r3] and _B'/(r2,r3) = F4. It follows that 
^SDiv+(Go)^ = 57(^2C3, r3C3) = B' [{c^c-i, c§)3 as claimed. D 

Now put y = {£) G SDiv+(Go)'^ | ^^D = 3[0]}, and let C/ C Go be the divisor 32[0]. We know that 

Cfe(V'^i?)=Cfe(D)16sO 

Oy = 0SDiv+(G„)o/(c}^ 4', 4') = F4[C2, C3]/(cl^ C^, C2C3). 

We can also study Y using the maps 

a:U -^Y a(a) = [a] + [-a] + [0] 

/3:Go(l)2->y /3(a,5) = [a] + [6] + [a + 6]. 

The map a gives a ring map a* : Oy — '' F[x]/x'^^, with 

a* (ci) = X + X = x^ + xi° + x^s + x22 
a*(c2) == .XX = x^ + x'"' + x" + x^"^ + x^^ 
a*(c3) = 0. 

The map /3 gives a ring map /3* : Oy — > F[x, y]/(x'*, y^). If we put z = x +^ y = x + y + x^y^ then 

/3*(ci) = X + y + z = x^y^ 

/?* (c2 ) = xy + yz + zx = X + xy + y + x y (x + y) 

fi*{cz) = xyz = xy(x + y) + .x'^y'^. 

Proposition 14.5. T/ie maps a* and j3* are jointly injective (in other words, ker(a*) fl ker(/3*) = 0). 
Moreover, we have ci = c, + cS in Oy- 
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Proof. Recall that Oy — F4[c2,C3]/(c2^,c|,c2C3), so {cj | < i < 16} 11 {cs} is a basis for Oy over F4. As 
a*(c2) = x'^ (mod x'^), it is easy to see that a*(c2) = a:^* (mod a:^*"*'^) and that these elements are linearly 
independent in Oj/ — F4[a;]/a;"^^. Moreover, we have 

r(i) = i 

/3*(c2) ^ x^ + xy + y^ + x^y^{x + y) 

P*{cl)^x^y^ 

(3*{4) = x'y' 

/3*(4) = fori>3. 

It is easy to check that (3* (03) does not lie in the span of these elements, and to deduce that a* and /3* are 
jointly injective as claimed. Thus, to show that ci = Cj + cf we need only check that a*(ci) = a*{c2 + c^) 
and /3*(ci) = /3*(c2 + cf), which is a straightforward computation. D 

14.5. The ring C{K,Y,i). Consider a pair {d, D) e Go(l) x Y. This gives us a divisor [d]D £ Div;^((Go) 
defined over the ring 

OgoW ®Oy^ ¥i[w, C2, C3]/(«;^ cl^ 0% C2C3). 

Here of course C2 and C3 are the usual invariants of the divisor D, but the divisor [d]D also has invariants 



Ck{[d\D) lying in the above ring. In order to apply the description of Xo^iYii) in Proposition 14.2, we will 
need to understand these invariants. 

Proposition 14.6. We have 

ci{\d]D) = cl + cl+w + cl'u? 

C2{[d\D) = C2 + (1 + c^ + c^ + C3)v? 

C3([d]D) = C3 + C2W + (c^ + cDw"^ + (1 + C3 + c^ + cl)w^. 

Proof. First recall that u +f v ^ u + v + u'^v'^ (mod u*u^) and w"^ — so w +f v — w + v + ■uP'v^ for any v. 
Next note that [d\a{a) = [d]([a] + [-a] + [0]) = [d+a] + [d-a] + [d], so a* {ck{[d]D)) = Ck{[d+a] + [d-a] + [d\) 
is the /c'th elementary symmetric function of {w +f a;, w +f x, w}, for example 

a*ci{[d]D) — w + [w + x + w^x^) + [w + x + w x ) 

= x"* + x^" + x^^ +x^'^ +W + x^u? + x^^w'^ 
^a*{cl+cl)+w + a*(c\)w'^. 

By similar computations, our other two equations also become true when we apply a* . 

In the same way, we have [d]/9(a, 6) = [d + a] + [d + 6] + [d + a + 5], so /3*Cfc([d]£') is the fc'th elementary 
symmetric function of the list {w +f a;, w +_f y, w +f x +f J/}, or equivalently the list 

{w + X + w^x^ ,w + y + w'^y^, w + x + y + w^x^ + w^y^ + x^y^}. 

We thus have 

j3*C3{[d]D) = {w + x + w^x^){w + y + w'^y^){w + x + y + w'^x^ + w^y"^ + x^y'^) 
= [x^y + xy'^ + x^y^) + {x^ + xy + y"^ + x^y'^ + x^y^)w + 

x^y'^w^ + (1 + x^y + xy'^)w^ 
= /3*(c3) + /3*(c2)u; + /3*(c2 + 4)w^ + /3*(1 + C3 + c^ + c^)«;3. 

By similar computations, our other two equations also become true when we apply /3*. As a* and (3* are 
jointly injective, it follows that our equations hold in CGo(i)xy as claimed. D 
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Proposition 14.7. Let J be the ideal in ¥4[w,C2,C3\ generated by the elements 



w 



C3 , C2C3 , 



WC2 + w'^C2 + WC3,. 

Then C{K, E4) = F4[u', C2, c^]/ J ■ Moreover, the following monomials form a basis for this ring over F4, so 
it has dimension 17. 



1 

w 
-,,2 



C2 

WC2 
Vi?C2 
VT'C2 



,,3^2 



C3 

WCz 



Proof. Proposition 



14.2 



is equivalent to the statement that 
X(E4) ^{{d,D) eGo(l) xY \D + tP^{D) = 2[0] + [d] + [d]D}. 
This means that C{K, S4) is the largest quotient of C'Go(i)xy over which we have g{t) = 0, where 

git) = fD{t)f^,2D{t) -t^it + w)f[a]D{t)- 
Here we write fait) = t^ + ci{D)t^ + C2{D)t -\_c^D) and similarly for our other divisors. As usual we write 



Cfc for Ck{D), and we recall from Proposition 14. 5| that Ci = c^ + c|. We also recall that Cki'ip'^D) — Ck{D)'^, 



so that 



/^2^(i) ^t^ + cft^ + cit + cl = t^+ clt" + c\t. 



The polynomial f[d]D{t) = J2k=o '^k{[d]D)t^ ^ can be read off from Proposition 14.6. Putting all this together 
and expanding it out, we find that g{t) ~ X]fc=i ^fe^^ '^j where 

ri = C2 + CjW 

r2 = c>3 + (c9 + c3 + c^)w^ + (c« + cl)w + {cf + 4) 

r:, = {cl + cl)w'' + {c'^ + cl + cl) 

ri = (C2 + cl)w^ + C2W^ + C3W + C2. 

We thus have 

C{K, E4) = ¥4[w, C2, C3]/(w'', C2^, C3, C2C3, ri,r2,r3,r4). 
As 1 + cf + C2^ + w^ is invertible, we can replace r2 by 

7-2 := (1 + c^ + C2^ + w^)r2 ^cj + vp-c\ + wc^ + v?cz, 

which is one of the relations in the statement of the theorem. As w'' = we have (r'^Y = ^1 ^-iid {r'2)'^ — c^ , 
so the relations ri and c^ are redundant. Similarly, we can replace r^ by the relation 

/ ,/ ,2,o4 3\/ 3,2 I 

r^ '■— r4 + (C2 + ui + cz u; )r2 = WC2 + w C2 + WC3, 
which is another of the relations in the statement of the theorem. One can check that 

rg = (1 + c^ + cl){cl{l + (1 + cl){w^ + cW))r'^ + C2r;), 
so r^ is redundant. We deduce that 

C{K, Y.4) = F4[w, C2, C3]/(w;**, cj, C2C3, r'4, r'2) 

as claimed. 

We next show that the 17 monomials listed form a basis for this quotient ring. We order the set of 
monomials in w, C2 and C3 by saying that c\c!3'w^ < C2 C3 w'' iff i < i' or (i = i' and j < j') or (i = i' and 
j = j' and k < k'). We claim that our relations form a Grobner basis for J with respect to this ordering. 
We first recall briefly what this means. The list of leading terms of our relations is (ui**, C3, C2C3, cfw, C2). 
A polynomial is said to be top-reducible if any of its monomials is divisible by one of these leading terms; 
if so, we can subtract off a multiple of the corresponding relation to cancel the monomial, a process called 
top-reduction. Clearly, if a polynomial can be reduced to zero by iterated top-reduction then it must lie 
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in J, but the converse need not hold for an arbitrary hst of generators of an arbitrary ideal Let a and 
b be any two of our relations, let a' and 6' be their leading terms, and let c' be the greatest common 
divisor of a' and 6'. The corresponding syzygy is the element c :— {a' /c')b — (b' /c')a £ J. To say that our 
relations form a Grobner basis means precisely that all these syzygies can be reduced to zero by iterated 
top-reduction. This can be checked by direct computation. For example, the syzygy of r'^ and r'2 is the 
element C2r'^ — wr'2 — c^w^ + C2C3W + c^w^ . The first monomial is divisible by the leading term of r'^, so 
we can top-reduce by subtracting vP'r'i^ to get C2C3t(j -t- C2W'^. We can then do two more top-reductions by 
subtracting w times the relation C2C3 and C2 times the relation w* to get 0, as required. Now observe that 
the 17 monomials listed in the statement of the theorem are precisely those that are not top-reducible. It 
follows from the theory of Grobner bases that they form a basis for C{E, S4), as claimed. D 

Corollary 14.8. C(K, S4) is a Gorenstein ring, and the element w^c^ generates the socle. 

Proof. One sees easily from the relations listed that w, C2 and C3 annihilate w^cs, so w^cs lies in the socle. 
Now let a be an arbitrary element of the socle. It will be convenient to put e = Cj -t- wc2 -I- C3 (so that 
we = c^e — 0) and to use the basis given in the Proposition but with c^ replaced by e. Using the equation 
wa = we see immediately that a lies in the span of {w^,w^C2, w^c\, e, w'^cz}. Using the equation 030 = and 
the fact that C3C2 = c^e = C3 = we find that the coefficient of w^ is zero, so a = avo^ C2+ (3w^ c\+ ^e + 5w^ c:i, 
say. One can check that w^c^ = ut'C'^ and C2e = 10^02, so 

= C2a — auT'c^ + fiw^c^, + jw^C2, 

so a = P — J = 0, so a — Sw^c^. This shows that the socle is one-dimensional, so the ring is Gorenstein as 
claimed. D 

14.6. A transfer argument. 

Proposition 14.9. The map 6: C(i^, E4) — > K'^B'E4 is injective. 

Proof. Note that every nontrivial ideal in C(iir, S4) contains the socle, so it will suffice to show that the 
socle is not contained in ker(6'), or equivalently that w^cs y^ in K^BYj^. Let P be the Sylow subgroup 
in E4; it will be enough to show that ■ur'c^ has nontrivial image in K'^BP. Put V = P C\ A4; one can 
check that this consists of the identity and the three transposition pairs, so it is isomorphic to C2. Recall 
that the series {'2){x) is defined to be [2](a;)/x, which in our case is just x^. As w is the Euler class of 
e and V = ker(e: P — > C2), standard arguments show that try(l) — (2)(w) = w^. This means that 
w'^C3 = try(c3). To see that this is nonzero, we use the canonical bilinear form on K^BP defined in [|lO[ . 
This satisfies Frobenius reciprocity, so (try (03), l)p = (03, l)i/. If we let a; and y be the Euler classes of two 
of the nontrivial characters of V ^ then K^BV = ¥4[x,y\/{x^ ,y'^) and the Euler class of the third character 
is X +p y — X + y + x^y^. One checks that the restriction of p to y is the regular representation minus the 
trivial representation, which is the sum of the three nontrivial characters. This implies that the restriction 
of C3 to V is xy{x+Fy) = x^y + xy"^ + x^y^. Using [|o| Corollary 9.3] we see that (x'y^, l)v is 1 if i = j = 3 
and otherwise, so (03, l)v — 1- As {wf^c^, l)p = (03, l)y = 1 we see that w^c^ ^ 0, as claimed. D 



14.7. The proof of Theorem |l4.1 . This is now easy. We know from ||T^ that E'^BYi^ is a free module 



of finite rank over E^ . It follows by well-known arguments that K'^BYj^ = {E^BY^i)/ 12, which is free of 
the same rank over K^ = E'^ /I2 = F4. The rank is also the same as the rank of L (gi E^BYj^ over L, and 
generalised character theory tells us that this is equal to |r2(I]4)| = 17. Thu s, th e source and target of 
the map 9: C(i^, S4) — > K^BT.4^ both have rank 17 over F4 and Proposition p_4.£ tells us that the map 



is injective, so it must be an isomorphism. Now consider the map 6: C{E,Yi4) — > E'^BY,^. This is an 
isomorphism modulo /2, so by Nakayama's lemma it is surjective. As E'^BT,^ is free it is a split surjection, 
so C{E, 1:4) = E"BT,4 © N say This imphes that C{K, E4) = K^BY.4 ® N/hN, so by counting ranks we 
see that N/I2N — 0, so by Nakayama again we see that A^ = 0. Thus C{E, E4) = E^BT,^ as claimed. We 



know from Proposition 14.7 that our list of 17 monomials is a basis for K'^BYi^ over F4, and it now follows 



that it is also a basis for E^BY^^ over E^ . 
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15. EXTRASPECIAL p-GROUPS 

In this section we define a class of "extraspecial" p-groups (where p is an odd prime), and show that for 



these groups the map k: Sl(G') — > flchiG) is injective but not surjective. It follows using Theorem 11.4 that 
the map 9: C{E,G) — > E'^BG cannot be an isomorphism. We have not investigated the situation more 
deeply than this. 

Let V be an elementary Abelian p-group of rank 2d equipped with a nondegenerate alternating form 
b: V X V — > ¥p. We will say that a subspace W <V is isotropic if b{u, v) = for all u,v G W. 

Let G be the set Fp x V^ with the group operation (x, u).{y, v) = {x + y + b{u, v), u + v). This has order 
p2d+i g^j^i^ exponent p, and it fits in a central extension 

Z^Fp^G^V. 

In fact Z is the centre of G, and the non-central conjugacy classes are the fibres of q over V \ {0}, so they 
all have order p. This gives p + p^"^ — 1 conjugacy classes altogether. 
We can evidently view R{V) — 'L\y*\ as a sub A-ring of R{G). 

Definition 15.1. For any nontrivial character C,: Z — > 5^, let (/)(C) be the class function on G defined by 

««(")- If"' T' 

I otherwise. 

We also write pv for the regular representation of V ^ and pc for the regular representation of G. 

The following result is standard, but we give a proof for completeness. 

Proposition 15.2. For each C, G Z*\{1}, the class function (f>{C) is an irreducible character. Moreover, we 
have 

i?(G) = Z[y*] e z{0(C) IC e z* \ {1}}. 

Proof. Choose a maximal isotropic subspace W < V, so W ~ Wi. Put H = q^^W < G, which is isomorphic 
to Z X W as a. group because W is isotropic. Let r: H — > Z he the projection and put a ~ ind]J Tr*^. We 
claim that a = 0(C). To see this, first note that H is normal in G, so a{g) — for g ^ H. Next, suppose 
that g e H\Z, say g = {x, w) with w e W\ {0}. Let U be such that V = W®U, so U~¥^ and 
{0,u)^^ (x, w){0, u) — {x ~ 2b{u,w),w). From the definitions we see that (t(x,w) — '^^^Ci^ ~ 2b{u,w),0). 
The map u i— > (x — 2b(u,w),0) is a surjection from U to Z, each of whose fibres has the same order, and 
C- Z — > S^ is a nontrivial homomorphism; it follows easily that a{x,w) — 0, as required. Finally, suppose 
that 5 e Z, say .g= {x,0). Then {0,u)-^{x,0){0,u) = (a;,0) socr(a:,0) = E„ C(2:, 0) =/C(a;,0). This shows 
that a — 4>{C) as claimed, so (p{Q is a character. One checks easily that {4>{C), 4>{C)) — IG]""^ J2zezP^'^ — 1' 
so (/>(C) is irreducible. As C runs over Z* \ {1} this gives p—1 distinct irreducibles of degree p'^, and V* gives 
a further p'^'^ distinct irreducibles of degree 1. We have seen that G has p^'^+p— 1 conjugacy classes and thus 
p2d+p_ 1 irreducible characters, so our list is complete. It follows that R{G) = Z[y*]eZ{(/i(C) | C e ^*\{1}} 
as claimed. D 



Lemma 15.3. Let C be cyclic of order p. Then 
X'ip'-'pc)^^^''^' 




otherwise 

Proof. Let x be a generator of C*, so R{G) = Z[x]/(x^ — 1) and pc = J2^Zo x' ■ We have xPc — Pc and 
so X''{pc) — X'^ixPc) — x'^X'^i.Pc)- If < fc < p then x'^ is also a generator, and it follows that X''{pc) 
is an integer multiple of pc- On the other hand, it is easy to check that X^{pc) — XP{pc) = 1. If we put 
A = Z{1, Pc} then A is a subring of R{C) (with p^ = ppc) and Xt{pc) G A[t] so Xtip'^^^pc) = Xt{pcT'''^ 
also lies in A[t], say X'^{pc) = rik + rrikPc- Moreover, if we work mod pc we have Xt{pc) — 1 + t^ so 
Xt{p'^~^ Pc) — (1 + tPy . Thus, if p divides k then ^k — i^,, ) , and if p does not divide k then Uk = 0. 

Moreover, by counting dimensions we see that rik +pmk = ( ^,. ) for all k. The lemma now follows easily. D 
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Proposition 15.4. 






^(0 



otherwise 




A^('^(C)) = 



[l/p)) 



Pv 



ifp\k 
otherwise 



Proof. Everything except for X'^{(j){C)) can be done by easy manipulation of characters. For the remaining 
case, it suffices to check that the claimed equations hold when restricted to any cyclic subgroup C < G. First 
consider the case C = Z, so pv restricts on C to the trivial representation of degree p^"^. Then (/){() becomes 

p^C: so X'^ (/){() becomes (p JC'^. Using this, it is easy to check that the equations hold when restricted to 
Z. 

Now suppose instead that C < G is a cyclic group not contained in Z (which implies that \C\ = p). Then 



Pv\c = P ^Pc and 4>{C)\c ~ P ^Pc for all ( € Z* \ {!}. Using Lemma 15.3 we deduce that our equations 
for X'^ {</){()) are correct when restricted to C, as required. D 



Definition 15.5. For any homomorphism a: V* — > 9, put 



and 



xev 



[/„ = {w e z[e{i)]+ I u^P-\u) = c„} 



We also put [/ = {(a, u) | u e Ua}. 



Theorem 15.6. There is a natural bijection flchiG) — U. The map n: Q{G) — > U is injective, and the 
image is the set of pairs (a, u) £ U such that the image of the dual map a* : &* — > V is isotropic. 

The proof will follow after a lemma. 

Lemma 15.7. Let a: V* — > Q be a homomorphism with image A of order p'^ . If e > d then Ua — 9- If 
e < d then Ua is the set of elements of the form u ~ P'' '^ X^cecH' "^here G runs over the cosets of A in 

e(i). 



Proof. Put c'^ — X^ogaI^] ^ ^[©(l)]p'= so that Ca = p^''' ^c'^. Suppose u £ Ua and that b £ u. Put 
V = [—b]u, so V £ Ua and £ w. Thus G ■i/'^~^(w) also, so u < vipP~^{v) = Ca = p^'^~'^c'a, so we can 
write V — XaeA "-ai'^] for suitable natural numbers ria- By looking at the multiplicity of [0] in the equation 
vijjP~^{v) = p^'''~'^c'a we see that Xa "a ~ p^'^^'^- On the other hand, as w e Z[0(l)]~''d we have Xa "■a — P"^- 
It follows that 



J2{na 



P 



d-e\2 



E'^l-^P'' 






P 



2d-2e 



El 



p 



2d-e 



2p 



2d-e I J2d-e 



0, 



P 



d-e 



for all a. If we now let G be the coset b + A we find that u = p'^ '^ 'llcecl^- Conversely, it is 



trivial to check that any element of this form lies in Ua ■ 



U 
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Proof of Theorem 15. t. Let ( be the usual character x ^ e^''"/^ of Z = Z/p. Given /: R{G) -* Z[e] it 



is clear that the restriction of / to R{V) = 1\y*\ gives a homomorphism a:V* — > ©(1) < ©, and we put 
u — /((/>(C)) G ^[0]^d- As / is a A-ring homomorphism we have 



jp' 



X 

so (a, u) e L/. 

Conversely, suppose we start with {a,u) € U. Let e and C be as in Lemma 15.7. We define a homomor- 
phism /: R{G) — > Z[6] of additive groups by /(x) = [a(x)] for x G y* and 

cefcc 

for k (z Z \p'Z,. It is easy to check that this is a ring homomorphism that sends R^{G) to Z[©]^ and 
commutes with the Adams operations. As Z[8] is torsion free it follows that / commutes with A-operations 
as well, so / G r2ch(G). Clearly these constructions give the required bijection V,ch{G) = U. 

Now suppose we have a homomorphism fi: Q* — > G. Then /i(u) — {uj{u),a{u)) for some functions 
w: 8* — > Fp and a: Q* —^ V. As /i and the projection q: G — > V are homomorphisms we see tht a is 
a homomorphism. Let W^ < V^ be the image of a, and put e = dinij' W. As the image of /i must be 
commutative, it is not hard to see that W is isotropic, so e < d. As q~^W ~ Fp x VK as groups, we see 
that Lu is also a homomorphism. If we conjugate (cu, a) hy {x,u) (z G we get the homomorphism (cj + t, a) 
where r(i) = 2b{u,a{t)). As 6 is a perfect pairing, r can be any map 8* — > ¥p that factors through a, so 
(lo, a) is conjugate to (w', cr) if and only if uj\]^cr{rT) = '^'lker(CT)- Now let a* : V* — > 8 be the dual of a and 
put A = a*{V*), so \A\ = p"^. We also have a map w* : F* — > 8 and thus a point t = uj*{C,) G 8(1). In 
R{¥p y.W)= Z[F;] ® Z[VF*] we have 

and it follows that /i*(/>(C) = p''"'^ X^ogaI^ + a] G Z[8]. Thus, if we write [^] for the conjugacy class of ji 
then K[/i] = {a* ,p'^^'^ 12aeAi^ + "^D ^ '^^ ^* follows that k[/z] determines tr, and it also determines t modulo 
A, so it determines u; modulo o'*(Hom(y, Fp)), so it determines the conjugacy class [p]. This proves that k 
is injective as claimed. We leave it to the reader to check that the image is as described. D 

16. An APPARENTLY MORE PRECISE APPROACH 

There are some senses in which the A-operations do not capture all possible information about the 
representation theory of G, and it is reasonable to wonder whether a more accurate approximation to X{G) 
could be defined by taking more information into account. In this section we show that this is not the case: 
we construct an approximation Y{G) using all possible operations, and show that it is the same as Ach(G). 

Definition 16.1. Let Q be the category of Lie groups and continuous homomorphisms, and let Q be the 
quotient category in which conjugate homomorphisms are identified. Let Af be the set of finite sequences 
n = (ni, . . . , Ur) with Ui G N. For n £ Af we put GL(n) — Y[i GL(ni, C) and 

R{n,G) ^l[R+^{G) ^g{G,GL{n)). 

i 

We make N into a category by putting JV{n,m) — t/(GL(n), GL(m)), and we let 77 be the category with 
the same objects and with morphisms J7{n,rri) = 5(GL(n), GL(m)); clearly this gives a covariant functor 
n H^ R{n, G) from AT to sets. 

Next, let T{n) be the evident maximal compact torus in GL(ri), so T{n) ~ 117=1 ^^ where N = X][=i "■«■ 
Let W{n} be the Weyl group of r(n), so W{n) ~ J|,. S„. . We can thus form the scheme 



D{n) = Hom(T(r7,)*,G)/VF(n) = J|Div+ (G). 
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By elementary arguments in representation theory we see that any homomorphism /: GL(n) — > GL(m) is 
conjugate to one that sends T(n) into T(m), and that the resuhing map T(n) — > T(m) is unique up to the 
action of W(m). Using this, it is easy to make the assignment n i— > D{n) into a functor A/" — > Xx- 
FinaUy, we define a functor Y{G) from discrete Ox-algebras to sets by putting 

Y{G){A) = [J7,Sets]{R{-,G),D{-){A)). 

Theorem 16.2. There is a natural isomorphism Y{G) ~ XchiG). 

Before proving this, we relate Y[G) to an auxiliary model involving unitary groups rather than general 
linear groups. 

Definition 16.3. Let Q be the quotient of Q in which homomorphisms u,v: U — > V are identified if u\k is 
conjugate to v\k for every compact subgroup K < U. (For example, the homomorphism u: GL(1) — > GL(1) 
given by u{z) = \z\ becomes trivial in Q.) Let J\f be the category with the same objects as J\f and morphisms 
Af{n,rn) = ^(GL(n), GL(27i)). As G and T{n) are compact, it is clear that the functors i?(— , G) and -D(— ) 
factor through J\f, and thus that 

Y{G){A) = [A/-,Sets](i?(-,G),D(-)(A)). 

Lemma 16.4. Let K be a compact Lie group, and letv,w: K — > U{d) be continuous homomorphisms. If v 
and w are conjugate in GL(d), then they are conjugate in U{d). 

Proof. The statement can easily be translated as follows: Let V and W be finite-dimensional vector spaces 
over C equipped with actions of G and invariant Hermitian inner products. Then if there exists an equivariant 
isomorphism f : V — >■ W, then / can be chosen to preserve the inner products. 

To see this, we first recall some facts about invariant Hermitian products. For any complex vector space 
V we let V be the same set with the conjugate action of C, and let V be the dual of V . The set of 
Hermitian products /3 on V^ bijects with the set of isomorphisms (3' : V — > V satisfying certain symmetry 
and positivity conditions. For any representation V one can always choose an invariant Hermitian product 
so V is equivariantly isomorphic to V . For each irreducible representation S we fix a Hermitian product (3s 
on S] Schur's lemma implies that Homi<-(S', S ) — C/3g and that any other invariant Hermitian product is a 
positive scalar multiple of f3s ■ 

Now let /3 be a Hermitian product on V and suppose that V = Vq ®Vi and Homi^:(Vi, Vq) = 0. Then 
Homif(Vi,"i/o) = and 

Hom^f (l/o,K) = Hom^f (F;, K))* = Hom/^V^i, ^o)* = 

so the equivariant isomorphism (3' -.V — > V must have the form /Jg © (3{ for some (3[ : Vi —^ V^^. This implies 
that Vq and Vi are orthogonal with respect to /3. 

Now let Si, . . . , St be the distinct irreducible representations that occur in V. Then there is a unique 
decomposition V = Vi® . ■ .®Vt, where Vi ~ C*' ® Si for some di and thus Homj^ (T/^, Vj) = when i j^ j. By 
the previous paragraph, the subspaces Vi are orthogonal to each other. As Homx(>5'i, S'j ) = Cf3si, we find 
that the restriction of /3 to Vi has the form ^i®(3si for some Hermitian product 7^ on C^' . By Gram-Schmidt, 
the space (C''%7i) is isomorphic to C^* with its usual Hermitian product, so {Vi,(3\vi) is equivariantly and 
isometrically isomorphic to the orthogonal direct sum of di copies of {Si, (3si). This means that the numbers 
di determine the isometric isomorphism type of V, and the lemma follows immediately. D 

Lemma 16.5. There are natural bijections 

N{n,rn) = g{U{n), GL(m)) = g{U{n), U{rn)), 

where U{n) = J]. t/(n,) < GL(n). 

Proof. It is easy to reduce to the case where the list to has length 1, say m— {d). As any representation of 
U{n) admits a Hermitian inner product, we see that the map Q{U{n), U{d)) — > Q{U{n), GL{d)) is surjective. 



It is also injective by Lemma 16.4. Similarly, by considering invariant Hermitian products we see that if K 



is compact and u: K — > GL(n) then u is conjugate to a homomorphism K — > U{n). By applying this to the 



CHERN APPROXIMATIONS FOR GENERALISED GROUP COHOMOLOGY 31 

inclusion map, we see that any compact subgroup of GL(n) is conjugate to a subgroup of U{n). It follows 
that any two homomorphisms v,w: GL(n) — > GL((i) are identified in Q {Glj{n) , Gh{d)) iff their restrictions 
to U{n) are conjugate, so we have a well-defined and injective restriction map Af{n,d) — > G{U{n),GL{d)). 
It is an easy consequence of the theory of roots and so on that any representation of U{n) extends uniquely 
to a complex-analytic representation of GL(n), so our restriction map is also surjective. D 



Proof of Theorem 16. J . Consider a point g G Y{G) {A) , in other words a natural transformation g„ : R{n, G) — 
D{n}{A) for n G M . By putting together the maps 

ga: R+{G) = R{d,G) -> D{d){A) - Div+(G)(A), 

we get a function / : R^{G) —* Div^(G)(^). Next, for any d, e > we have projections GL{d) ^— GL{d, e) — > 
GL(e) and we can use the resulting maps to identify i?((d, e), G) with R'^[G) x Rt{G) and D{d, e)[A) with 
'DiY~^{G){A) X Div^(G)(yl) and g{d.e) with gd x g^. There are evident maps ©: GL(d, e) — > GL((i -f e) and 
® : GL((i, e) — > GL(de), and using the naturality of g with respect to these maps we find that / is a semiring 
homomorphism. Similarly, we have maps A*^ : GL(d) — > GL(( ^)) in Q and the naturality of g with respect 
to these maps implies that / commutes with A-operations. It is clear that f{R'^(G)) C Divj'(G)(j4), so 
/ e Xc\i{G){A). We define a map p: Y{G) — > Xch(G) by p{g) = /. Because gn = gni x . . . x g„^ we see 
that p is injective. 

Now suppose we start with a point / G Xch{G){A). Let gd'- R{d,G) — > D{d){A) be the restriction of 
/: R{G) -^ Div(G)(yl), and put 

ffn == 9,11 X ■ • • gn,. ■■ R{n, G) -^ D{n){A). 
We need to check that this gives a natural transformation. As R{rn,G) — Ili-RC^^iiG') and D{rTi){A) = 



Y[iD(rni){A), it suffices to check naturality for maps u: n — > d in Af, or equivalently (by Lemma 16.5) for 
homomorphisms u: U{n) — > GL(d). We need to show that the left hand square in the following diagram 
commutes: 

R{n,G) — >■ R+{G) = y R{G) 



Din){A) ^^ ) Div+(G) = y Div(G)(A). 

The right hand square commutes and the two right hand horizontal maps are injective so it suffices to show 
that the two composite maps R{n,G) — + Div(G)(A) are the same. We call these two maps a{u) and f3{u). 
Let F be the set of all functions from R{n, G) to Div(G)(A), thought of as a ring with pointwise operations. 
It is formal to check that a{u + v) = a{u) + a{v) and a{uv) = a{u)a(y), so a is a homomorphism of 
semirings from i?+(C/(n)) to Div(G)(A). It can thus be extended to a ring map R{U{n}) — > Div(G)(A), 
and the same applies to /3. It is well-known that R{U(n)) = {^^ R{U{ni)) so it suffices to check that 
a — P on R{U{ni)) for all i. This reduces us to the case where n = (e) say. It is also well-known that 
R{U{e)) = Z[A^,... , A'^][(A'^)~^], so it suffices to check that a(A-') = /3(A"'), which is true because / is a 
homomorphism of A- rings. 

This shows that g G Y{G){A), and clearly p{g) ~ f . Thus p is surjective and hence an isomorphism. D 

17. A RESULT ON RESTRICTIONS OF CHARACTERS 

Theorem 17.1. Let G be a finite group with a normal subgroup N such that \N\ is coprime to \G/N\. Then 
the restriction map R'^{G) — > R'^{N)^ is surjective. 

The proof will follow after some preliminary results. 

/ g 

Lemma 17.2. Let H be a group, and let W,X,Y be H-sets, with equivariant maps W — > X < — Y. Then 

there is an equivariant map f:W—^Y with qf = f iff for each w gW there exists y £Y with q{y) = f{w) 

and stahniy) > stabniw). 

Proof. Write H^ as a disjoint union of orbits. D 
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Lemma 17.3. Let G and N be as above, and let p: N — > GL{V) be an irreducible representation of N 
whose character is stable under G. Then there is a homomorphism a: G — > GLiV) extending p. 

Proof. Suppose g G G, and define p^ : N — > GL{V) by p^{x) — p{gxg^^). By hypothesis, this has the 
same character as p, so there exists an intertwining operator 6:V — * V such that p'^{x) — 9^^p{x)9 for 
all X G N. As F is an irreducible representation of N we see that AutN{V) = C and thus 6 is unique up 
to multiplication by a scalar matrix. We can thus define a map <j): G —^ PGL{V) by (/)(g) ~ [6]; this is a 
homomorphism making the following diagram commute. 

N- > G 



GL{V) ^^ PGL{V). 

Put n = \N\ and d = dimc(F). As V is irreducible we know that d divides n. Put Y = {a E 
GL{V) I det(a)" = 1}, and note that tt: F — > PGL{V) is surjective and p{N) < Y. Let N^ act on G 
by {x,y).g = xgy~^ and on GL{V) by {x,y).a = p{x)ap{y)^^ . 

We claim that there is an A^^-equivariant map C'- G —^ Y such that tt( — cj) and ( — p on N. Clearly 

G = Af n (G \ A^) as A^^-sets and p: N — > F is A^^-equivariant, so it suffices to define C on G \ A^. Fix 

5 e G\ A", and choose 9 as before. After multiplying by a suitable scalar, we may assume that det(6') = 1 so 

G Y. By Lemma 17. 2|, it will sufhce to show that stabjv2 (g) < stab7v2 (6). Suppose that (x, y) stabilises g, so 



X9y ^ = 5j so y = g xg. By the definition of we have p{y) = 9 ^p{x)d, or in other words p{x)9p{y) ^ — u, 
so (cc, y) stabilises 9, as required. 

Now define C: G^ -> F by £,{g,h) = C,{h)C,{gh)-^ C{g) . Clearly TT^{g,h) = 1, and the kernel of tt: F -> 
GL(V) is the group Cnd of nd'th roots of unity, so we can regard ^ as a map G^ — > C„d. As C is equivariant, 
it is easy to check that ^{xg, hy) — ^{g, h) for x,y E N, so we get an induced map ^ : (G/N)^ —^ Cnd- One 
also sees directly that for g,h,k E G/N we have 

1{K mgh, k)-^l{g, hk)l{g, h)-' = 1, 

so ^ is a 2-cocycle. On the other hand nd divides n'^ and thus is coprime to \G/N\, so we have H^{G/N; Cnd) = 
0. We can thus choose a function to: G/N — + Cnd such that ^{g, h) = uj{h)uj{gh)~^uj{g) for all g,h & G. By 
putting g ^ h = 1 we see that a;(l) = 1 and thus uj{x) = 1 ioY x E N. We define a{g) = uj{g)~^({g); this 
clearly gives a homomorphism G — > GL(V) with ct|jv — P, as required. D 



Proof of Theorem \l 7. i| . For each irreducible representation p of A^, let p' denote the sum of the inequivalent 
G-conjugates of p. Any G-invariant character is a direct sum of copies of the characters of the representations 
p', so it suffic es to show that p' extends to a representation of G. Let H be the stabiliser of Xp, so A^ < iJ < G. 



Lemma 17.3 implies that p can be extended to a representation a of _ff , and one sees from the Mackey formula 



that res^ indjj (cr) — p' , so ind^ (cr) is the required extension of p'. D 
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